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Abstract. We show that the Kervaire invariant one elements 8j S —2^° 
exist only for j < 6. By Browder's Theorem, this means that smooth framed 
manifolds of Kervaire invariant one exist only in dimensions 2, 6, 14, 30, 62, and 
possibly 126. Except for dimension 126 this resolves a longstanding problem 
in algebraic topology. 
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1. Introduction 

The existence of smooth framed manifolds of Kervaire invariant one is one of 
the oldest unresolved issues in differential and algebraic topology. The question 
originated in the work of Pontryagin in the 1930's. It took a definitive form in 
the paper [17| of Kervaire in which he constructed a combinatorial 10- manifold 
with no smooth structure, and in the work of Kervaire-Milnor [TB] on /i-cobordism 
classes of manifolds homeomorphic to the sphere. The question was connected to 
homotopy theory by Browder in his fundamental paper [3] where he showed that 
smooth framed manifolds of Kervaire invariant one exist only in dimension of the 
form (2- 5 " 1 " 1 — 2), and that a manifold exists in that dimension if and only if the class 
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in the stable homotopy groups of spheres. The classes Qj for j < 5 were shown to 
exist by Barratt-Mahowald, and by Barratt-Jones-Mahowald (see [2]). Many open 
issues in algebraic and differential topology depend on knowing whether or not the 
Kervaire invariant one elements Qj exist for j > 6. 

The purpose of this paper is to prove the following theorem 

Theorem 1.1. For j > 7 the class h? G Ext 2 ^ 2 (Z/2.Z/2) does not represent 
an element of the stable homotopy groups of spheres. In other words, the Kervaire 
invariant elements Qj do not exist for j > 7. 

Smooth framed manifolds of Kervaire invariant one therefore exist only in di- 
mensions 2, 6, 14, 30, 62, and possibly 126. At the time of writing, our methods 
still leave open the existence of 9q. 

1.1. Outline of the argument. Our proof builds on the the strategy used by the 
third author in [26] and on the homotopy theoretic refinement developed by the 
second author and Haynes Miller (see [IE])- We consider the situation 

Adams-Novikov An easier 

spectral sequence spectral sequence 



Adams spectral 
sequence 

While the Adams and Adams-Novikov spectral sequences compute the group irkS , 
our "easier" spectral sequence will compute the homotopy groups of some other 
spectrum Q. We write it simply as 

E%' => 7T t _ s fl 

We will find that this "easier" spectral sequence has the properties 

(1) The groups E^' are zero for s < 0, and for s = and t odd. 

(2) Any element bj in the Adams-Novikov i?2-term whose image in the Adams 
-E2-term is h 2 has non-zero image in the "easier" spectral sequence. 

(3) The group 7r,f2 is zero for —4 < i < 0. 

(4) The groups 7r*fi are periodic with period 2 8 = 256. 

It follows from the last two items that 7r 2J +i_2^ = for j > 7. 

Note that these properties prevent the existence of Qj for j > 7. Indeed, suppose 
that 9j : S 2J+1 ~ 2 — > S° is a map represented by h 2 in the Adams spectral sequence. 
Then Qj has Adams filtration 0, 1 or 2 in the Adams-Novikov spectral sequence, 
since the Adams filtration can only increase under a map. Since both 

F ;0,2 3 + 1 -2 , F ,1,2 3 + 1 -1 

^■^MUtMU anQ MU+MU 

are zero, the class Qj must be represented in Adams filtration 2 by some element 
bj which is a permanent cycle. By the second property above the element bj has a 
non-trivial image in the "easy spectral sequence." Since for j > 7, 7r 2 j+i_2^ = the 
image bj cannot survive the easy spectral sequence. Since E^ = for s = and t 
odd, and for s < (hence for s < and (t — s) odd), the image bj cannot be the 
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target of a differential, and it is therefore the source of a non-trivial differential. But 
this means that bj is the source of a non-trivial differential in the Adams-Novikov 
spectral sequence, contradicting the fact that it represents the map 9j. 

Our main results are properties (2), (3), and (4). We call them the Detection 
Theorem (Theorem If 2.21) , the Gap Theorem (Theorem 19. 5|) and the Periodicity 
Theorem ( Corollary I f . f 6|) respectively. Combined, as just described, they give a 
proof of Theorem ll.fi 

f.2. The easier spectral sequence. Let C n denote the cyclic group of order 
n. The "easier" spectral sequence is the spectral sequence for the homotopy fixed 
points of the group G — Cg acting on a certain spectrum J7, which we now describe. 

Start with the C2-spectrum MUr of real bordism ( [HI HE] ) . This is the equi- 
variant Thorn spectrum whose underlying spectrum is MU, with C2-action 
given by complex conjugation. Write MU^ G ^ for the Cs-equivariant spectrum 
whose underlying spectrum is 

MC/ R A MC/ r A MU r A MZJr 

and on which the generator 7 of Cg acts by 

(a, 6, c, d) 1— > (d, a, b, c). 

The C 8 -spectrum MU {[G)) is an equivariant E^ ring-spectrum. 

Associated to any virtual representation V of G is an equivariant sphere spectrum 
S . When V is an actual representation, S v is the equivariant suspension spectrum 
of the one point compactification of V. The definition is extended to more general 
V by requiring an equivalence S v A S w « gv®w _ ^ j g cus tomary to denote the 
group of equivariant homotopy classes of maps from S v to a G-spectrum X by 
TTy(X). We're interested specifically in the case V = mpa, where pa is the real 
regular representation of G = Cg. The non-equivariant spectrum underlying S mpG 
is the sphere S &m . 

We will specify in Corollary If 0.161 an element D G itf pG MU^ G }\ and define (l 
to be 

Q = D- l MU^ = holmiS-™^ A MU {{G)) . 
There is some flexibility in the choice of D, but it needs to be chosen in order 
that the periodicity theorem holds, and in order that the map from the fixed point 
spectrum of 51 to the homotopy fixed point spectrum is a weak equivalence. That 
such an D can be chosen with these properties is a relatively easy fact, albeit mildly 
technical. Because of this we leave a more specific discussion to the main body of 
the paper. 

The spectrum f2 is an equivariant ring spectrum. We define ft — SI to be 
its homotopy fixed point spectrum. The "easy" spectral sequence is the spectral 
sequence 

E%* = JJ s (G;7r t O) n t - s n. 

Since the non-equivariant spectrum IqSI underlying il is complex orientable, there 
is a map 



H s (G;TT t h) 



7r t _ s n 
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from the Adams- Novikov spectral sequence for Q to the homotopy fixed point spec- 
tral sequence. This map is actually an isomorphism of spectral sequences, though 
we do not need this fact. The inclusion of the unit 5"° — > f7 gives a map from the 
Adams-Novikov spectral sequence for the sphere, to the Adams-Novikov spectral 
sequence for f2. Composing with the map described above gives the map from the 
Adams-Novikov spectral sequence to the "easy" spectral sequence. 

The proof of the Detection Theorem is given in CT21 It is a matter of pure algebra 
and the argument is independent of the rest of the paper. We have put it at the 
end, because it makes explicit reference to the element D. 

1.3. The slice filtration and the Gap Theorem. While the Detection Theorem 
and the proof of Theorem 11.11 involve the homotopy fixed point spectral sequence 
for J7, the Gap Theorem and the Periodicity Theorem result from studying Q as 
an honest equivariant spectrum. What permits the mixing of the two approaches 
is the following result, which is part of Theorem 1 11. 31 

Theorem 1.2 (Homotopy Fixed Point Theorem). The map from the fixed point 
spectrum of fl to the homotopy fixed point spectrum of fl is a weak equivalence. 

In particular, for all n, the map 

7r^f2 — > ir n Q* 1( ~* — ir n n 

is an isomorphism, where the symbol Tr^fl denotes the group of equivariant homo- 
topy classes of maps from S n (with the trivial action) to Cl. 

We will study the equivariant homotopy type of O using an analogue of the 
Postnikov tower. We call this tower the slice tower. Versions of it have appeared in 
work of Dan Dugger [7], Hopkins-Morel (unpublished), VoevodskyjSU [32l [33], and 
Hu-Kriz EE]. 

For a subgroup K C G, let pk denote its regular representation and write 
S(mp K ) = G+ A S mpK meZ. 

Definition 1.3. The set of slice cells is 

A = {S(mp K ), Z^SimpK) | m E Z, K C G}. 

Definition 1.4. A slice cell S is free if it is of the form G + A S m for some m. An 
isotropic slice cell is one which is not free. 

We define the dimension of a cell S € A by 

dim Simpx) = m\K\ 

dim Y,^ 1 S(mpK) — m\K\ — 1. 

Finally the slice section P n X is constructed by attaching cones on slice cells S with 
dim S > n to kill all maps S — > X with dim S > n. There is a natural map 

P n X -» P n ^X 

The n-slice of X is defined to be its homotopy fiber P„X. 

In this way a tower {P n X}, n G Z is associated to each equivariant spectrum 
X. The homotopy colimit holim P n X is contractible, and holim P n X is just X. 
The slice spectral sequence for X is the spectral sequence of the slice tower, relating 
ir*P™X to ir*X. 
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The key technical result of the whole paper is the following 

Theorem 1.5 (The Slice Theorem). The G -spectrum PgMU" G » is contractible 
if n is odd. If n is even then P™MU^ G ^' is weakly equivalent to H'LA W, where 
H'L is the Eilenberg-Mac Lane spectrum associated to the constant Mackey functor 
Z, and W is a wedge of isotropic slice cells of dimension n. 

Just to be clear, the expression weak equivalence refers to the notion of weak 
equivalence in the usual model category structure for equivariant stable homotopy 
theory (and not, for example to an equivariant map which is a weak homotopy 
equivalence of underlying, non-equivariant spectra). Between fibrant-cofibrant ob- 
jects it corresponds to the notion of an equivariant homotopy equivalence. Similarly, 
the term contractible means weakly equivalent to the terminal object. 

The Gap Theorem depends on the following result. 

Lemma 1.6 (The Cell Lemma). Let G = C%n for some n. If S is a slice cell of even 
dimension which is not free, then the groups UkHZ A S are zero for —4 < k < 0. 

This is an easy explicit computation. It reduces to showing that for m > and 
-4 < i < 

Hi(S mpK ;Z) = 
H- i {S mpK ;Tj = 

where K C G is a non-trivial subgroup, and the (co)homology group are equivariant 
cohomology groups with coefficients in the constant Mackey functor Z. The first 
assertion is trivial, while the second is a simple explicit computation, and makes 
essential use of the fact that K is not the trivial group. 

Since the restriction of pc to K is isomorphic to (\G/K\) px there is an equiva- 
lence 

s mp G A q a S n P K =G + A S(»+HG/K|W 
K K 

It follows that if S is a slice cell of dimension d, then for any m, S mpG A S is a slice 
cell of dimension d + m\G\. Moreover, if S is not free, then neither is S mpG A S. 
The Cell Lemma and the Slice Theorem then imply that for any to, the group 

TTiS mpG A MU^ 

is zero for —4 < i < 0. Since 

ntfl = lim7r i S'^ m£pG Aft/ ((G)) 

this implies that 

TTiO = 

for —4 < i < 0, which is the Gap Theorem. 

The Periodicity Theorem is proved with a small amount of computation in the 
RO (G)-graded slice spectral sequence for fl. It makes use of the fact that fl is an 
equivariant i^oo-ring spectrum. Using the nilpotence machinery of [4"I|14| instead of 
explicit computation, it can be shown that the groups 7r*f2 are periodic with some 
period which a power of 2. This would be enough to show that only finitely many 
of the 0j can exist. Some computation is necessary to get the actual period stated 
in the Periodicity Theorem. 
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All of the results are fairly easy consequences of the Slice Theorem, which in 
turn reduces to a single computational fact: that the quotient of MU^ G ^ by the 
analogue of the "Lazard ring" is the Eilenberg-Mac Lane spectrum HZ associated 
to the constant Mackey functor Z. We call this the Reduction Theorem and it 
appears as Theorem 14.551 It is proved for G = C2 in Hu-Kriz [16] , and its analogue 
in motivic homotopy theory is the main result of the (unpublished) work of second 
author and Morel mentioned earlier, where it is used to identify the Voevodsky 
slices of MGL. It would be very interesting to find a proof of Theorem 14.551 along 
the lines of Quillcn's argument in |25j . 

1.4. Summary of the contents. We now turn to a more detailed summary of the 
contents of this paper. In £j2] we recall the basics of equivariant stable homotopy 
theory, and establish many conventions and explains some simple computations. 
Our main new construction, introduced in £12.3.31 is the multiplicative norm functor. 
We merely state our main results about the norm, deferring the details of the proofs 
to an appendix which will appear in a future version of this document. 

Section introduces the slice filtration and establishes many of its basic proper- 
ties, including the strong convergence of the slice spectral sequence (Theorem l3.38l) . 
and an important result concerning the distribution of groups in the ^-term of the 
slice spectral sequence ( Corollary 13. 40|) . The material of these first sections makes 
no restriction on the group G. 

From £j4] and forward we restrict attention to the case in which G is cyclic of 
order a power of 2, and we localize all spectra at the prime 2. The spectra MU^ G ^ 
are introduced and some of the basic properties are established. The groundwork 
is laid for the proof of the Slice Theorem. The Reduction Theorem (Theorem l4.55[) 
is stated in £14.41 The Reduction Theorem is the backbone of Slice Theorem, and 
in some sense, is the only part that is not "formal." 

In £j5]the results on MU^ G ^ are used to derive more refined information on the 
slice tower. Two important methods for determining slices are introduced, one for 
even slices in £15.2.2l and one for odd slices in £15.2.31 The notions of a perfect spectra 
and isotropic spectra are introduced in £15.2.11 

The proof of the Slice Theorem is by induction on \G\. In £j6] a refined version 
of the Slice Theorem (Theorem 16. 1|) is stated, and some auxiliary results used in 
the induction loop are established. 

The proof of the Reduction Theorem is in £J7J 

The Slice Theorem is proved in £j8] the Gap Theorem in £j9] SectiorllOl contains 
the Periodicity Theorem. The Homotopy Fixed Point Theorem is proved in £1111 
and the Detection Theorem in £1121 

A future version of this document will contain an appendix on equivariant stable 
homotopy theory, providing more detailed proofs of some of the claims in £J5] 
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2. Some equivariant stable homotopy theory 

The purposes of this paper require a good multiplicative theory of equivariant 
spectra, and in particular a good symmetric monoidal category of modules over an 
equivariant -Eoo ring spectrum. To meet these demands, we will use as foundations 
the theory of equivariant orthogonal spectra [2T] . In this section we state the 
main homotopy theoretic results we need. The proofs, constructions, and other 
foundational details are explained in the Appendix, which will appear in a later 
version of this paper. The reader is referred to the survey of Greenlees and May |10j 
for an overview of equivariant stable homotopy theory, and for further references. 

The results described here in the main body of the paper are homotopy theoretic 
in nature, and it will be convenient to use some abbreviated terminology. 

Definition 2.1. Suppose that F, G : C — > T> are two continuous functors between 
topological model categories. A continuous transformation T : F — > G is a weak 
equivalence if for every fibrant-cofibrant object X £ C, the map T{X ) : FX — > GX 
is a weak equivalence. 

A continuous functor of topological model categories automatically preserves 
weak equivalences of fibrant-cofibrant objects, so induces a functor of homotopy 
categories. The above definition could be rephrased as saying that a natural trans- 
formation is a weak equivalence if and only if it induces an equivalence of the 
associated derived homotopy functors. 

2.1. G-spaces. Let G be a finite group, and write T G for the category of topolog- 
ical spaces equipped with an action of G, and G-spaces of non-equivariant maps, 
with G acting by conjugation. Let T G be the category with the same objects, but 
with equivariant maps. Thus T G (X, Y) is the space of G-fixed points in T G (X, Y). 

The homotopy set (group, for n > 0) tt^(X) of a pointed G-space is defined for 
H C G and n > to be the set of £f-equivariant homotopy classes of maps 

S n — > X. 

This is the same as the ordinary homotopy set (group) n n (X H ) of the space of H 
fixed-points in X. 

A weak equivalence in T G is a map inducing an isomorphism on equivariant 
homotopy groups ir^ for all H C G and all n > 0. A fibration is a map X — > Y 
which for every H C G is a Serre fibration on fixed points X H — > Y H . These two 
classes of maps make T G into a topological model category. The cofibrations are 
the retracts of the cellular maps constructed by attaching equivariant cells of the 
form 

G/H x S 11 - 1 -> G/H x D n . 
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For A, Y e T G we'll use the notation [A, Y] H for the set of homotopy classes of 
if -equivariant maps from X to Y . As is customary we'll write 

hoT G (X,Y) 

for the set of maps from X to Y in the homotopy category of the model category 
T G . When X is cofibrant and Y is fibrant there is a canonical isomorphism 

hoT G {X,Y) = [X,Y] G . 

An important role is played by the equivariant spheres S v arising as the one 
point compactification of real orthogonal representations V of G. When V is the 
trivial representation of dimension n, S v is just the n-sphere S n with the trivial 
G-action. We combine these two notations and write 

gn+V _ gR"©V 

Associated to S v is the equivariant homotopy group 



defined to the be set of homotopy classes of If -equivariant maps 

S V ^X. 



2.2. Equivariant stable homotopy theory. 

2.2.1. G-spectra. The category § G of G-spectra can be characterized as the target 
of the universal functor from T G to a stable topological model category in which 
all of the operators S v A ( — ) are (weakly) invertible. (Similarly, the category S of 
spectra can be characterized as the target of the universal functor from the category 
of topological spaces T to a stable topological model category in which all of the 
operators S n A ( — ) are (weakly) invertible.) The universal functor 

will be written 

T ^ S° A T, 

or sometimes 

T i ► S°°T, 

and the symbol S~ v will stand for an object equipped with a weak equivalence 

S- v A S v — > S°. 

The category § G is enriched over pointed spaces. The symbol X AT denotes (as 
above) the "tensor" product of a G-spectrum X and a G-space T, and the symbol 

§ G (X,Y) 

denotes the space of equivariant maps from X to Y . There is a related category 
§ G consisting of equivariant spectra and non-equivariant maps. It is enriched over 
G-spaces, and one has 

§ G (X,Y) = § G (X,Yf. 
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2.2.2. Equivariant stable homotopy groups. There are several notions of homotopy 
groups relevant to equivariant stable homotopy. For an integer k 6 Z and a sub- 
group H C G let 

Trf (X) = ]hnn% +v X v 

denote the group of iJ-equivariant homotopy classes of maps S — ► X. As H varies, 
the abelian groups nf* X fit together to define a Mackey functor (see §2.5. f I below) 
which we'll denote ir k X. The extreme values H = G and H = {e} are especially 
important. We offer no special notation for ir G (X), but will use tt%X as a shorthand 

for the underlying homotopy group 71^ (X). 

2.2.3. Homotopy theory of equivariant spectra. The category § G is a topological 
model category in which a weak equivalence is a map X — > Y inducing an isomor- 
phism 7r^( — ) for all H C G and all n € Z. As is customary, the expression 

ho§ G (X,Y) 

denotes the set of maps between X and Y in the homotopy category of § G . When 
X is cofibrant and Y is fibrant this can be identified with the set ttq§ (X,Y). We 
will also use the more customary notation 

[X, Y] G 

for hoS G (A, Y). 

The cofibrations are the retracts of the cellular maps constructed by attaching 
equivariant cells of the form 

S- m A (G/H x S~ m A {G/H x D n )+. 

Up to weak equivalence, every G-spectrum X can be functorially presented as 
the homotopy colimit of a sequence 

(2.2) ► S~ Vn A X Vn S- y " +1 A X Vn+1 ->-.., 

in which each Xy n is a G-space and {V n } is any increasing sequence of represen- 
tations eventually containing every finite dimensional representation of G. We will 
often just abbreviate this important canonical presentation as 

(2.3) X = hohm S~ v A Xy . 

v 

It will be convenient to have a name for key property of the sequence {V^}. 

Definition 2.4. An increasing sequence V n C V n +\ C . . . of finite dimensional 
representations of G is exhausting if any finite dimensional representation V of G 
admits an equivariant embedding in some V n . 

Clearly any two exhausting sequences are cofinal in each other, so any two pre- 
sentations (|2.3[) can be nested into each other. 

2.2.4. Change of group. For a subgroup H C G, there is a restriction functor 

i* =i* H :§ G ^ § H . 

It is derived from an analogous functor i* H : T G — * T H formed by simply restrict- 
ing the G action to H. To describe the functor of spectra, choose an exhausting 
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sequence {W} of G-representations, and let be the same sequence regarded 

)f iJ-representations. For J 

i* H X = TimS~ i * v Ai*X v . 



as an exhausting sequence of ii-representations. For X = lim S v A Xv one has 

i-i*V 



i'V 

In case H = {e} is the trivial group, we'll write the restriction functor as 

i* : S G -> S. 

The functor i* H has both a left and right adjoint 

G+ A (-) and F H {G+, -). 

H 



if 



Y = limS-' l ' w AY,, 



is an 7J-spectrum, then 



G+ A (X) = Iim5'- M/ A G+ A 1W 
H w H 

F H (G+,Y) = \\mS- w AF H (G+,Y W 



where Fjj (G+ , ) is the space of iJ-equivariant maps from G to Yw ■ The Wirthmiiller 
isomorphism ( |34j , [101 Theorem 4.10]) gives an equi variant weak equivalence 

G + A(-)^F H (G +1 -). 

ri 

Because of this we will make little mention of the functor Fh(G+, X). 
2.3. Multiplicative properties. 

2.3.1. Smash product. The category § G is a symmetric monoidal category under 
the smash product operation X AY. The tensor unit is the sphere spectrum S°. 
The smash product commutes with enriched colimits in each variable. One has 

S~ v A S~ w = S~ v ® w 

and in terms of the canonical presentation 

X = hohm S~ v A X v 
v 

Y = hotim S~ w f\Y w 
w 

one has 

X AY = holim S~ vs>w A X v A Y w . 
v,w 

The smash product makes S into a symmetric monoidal model category in the 
sense of Hovey [T3J Definition 4.2.6] and Schwede-Shipley [551 Definition 3.1]. This 
means that the analogue of Quillen's axiom SM7 holds (called the pushout-product 
axiom [29j). and for any cofibrant X , the map 

S° A X -> X 

is a weak equivalence, where S° — > S° is a cofibrant approximation (called the unit 
axiom [2"3]). 
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The axioms of a symmetric monoidal category imply that one can make unam- 
biguous sense of 

(2.5) f\ X, 

for any finite set J. The symmetric monoidal structure on § is actually G-monoidal 
in the sense that one can make sense of (|2.5I) when J is a finite G-set. In case all 
the Xj = X one defines 

f\X = X^ = J+ A XW, 

je.J S " 

where n = |J| and the group G is acting diagonally. It's important that this 
expression is not the homotopy quotient by the action of £„, but actually the 
coequalizer of 

,/+ A (£„)+ A XW =4 J+ A 

More general expressions like (12. 5|) are formed by breaking J into orbits, using the 
construction just described, and smashing the results together. 

2.3.2. Commutative and associative algebras. 

Definition 2.6. A commutative algebra is a unital commutative monoid in S 
with respect to the smash product operation. An associative algebra is a unital 
associative monoid with respect to the smash product. 

Commutative algebras will also be referred to as equivariant commutative alge- 
bras, Eoa-algebras and equivariant Eoo -algebras. Similarly, the terms equivariant 
associative algebra. A^-algebra and equivariant Aoo algebra will be used for asso- 
ciative algebra. 

There is a weaker "up to homotopy notion" that sometimes comes up. 

Definition 2.7. A homotopy associative algebra is an associative algebra in hoS G . 
A homotopy commutative algebra is a commutative algebra in hoS G . 

We will sometimes use the terms equivariant homotopy associative ( commutative ) 
algebra, homotopy associative (commutative) algebra in § , or equivariant homotopy 
associative (commutative) algebra. 

The category of commutative algebras in § G will be denoted £ G . It is tensored 
and cotensored over T G and is a topological model category. The tensor product 
of an equivariant -Eoo-ring spectrum R and a G-space T will be denoted 

R®T 

to distinguish it from the smash product. By definition 

£g(R®T,E) = T G (T,£g(R,E)). 

This "tensor product" with a G-space is related to the G-monoidal structure de- 
scribed in 32.3.11 Indeed, for a G-set J, the spectrum underlying R ® J is just 
R( J \ 

The forgetful functor and its left adjoint, the free commutative algebra functor 
form a Quillcn morphism 
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Modules over an equivariant Eoo ring are denned in the evident way using the 
smash product. The category of left modules over R will be denoted Mr. It is a 
symmetric monoidal model category under the operation 

man 

R 

where M is regarded as a right i?-module via 

M AR^ RAM -> M. 

A map of i?-modules is a weak equivalence if and only if the underlying map of 
spectra is a weak equivalence. 

The "free module" and "forgetful" functors 

XhJJM:§ g ^ Mr : M h-> M 

are adjoint and form a Quillen morphism. 

2.3.3. Norm induction. In addition to the additive transfer, there is a multiplicative 
or norm transfer from § H to § G whenever flcG. The norm sends an ff-spectrum 
X to the iterated smash product 

A 

iea/H 

where Xi = A X, and Hi C G is the right ff-coset corresponding to i. This 

H 

notion appeared first in group cohomology in the work of Evens [5], and is often 
referred to as the "Evens transfer" or the "norm transfer." The analogue in stable 
homotopy theory appears in the Greenlees-May [11] . 

We start with the construction for G-spaces. Suppose that H C G is an inclusion 
of finite groups, and X e T H . The norm of X is defined to be 

N(X) = N%(X) = Ma Pff (G,X)/{/ | f(g) = * for some g e G} 

= A 

jeH\G 

where X^ = hom# (Hj, X), and Hj C G is the left iJ-coset corresponding to j. 
A choice of coset representative identifies X % with X. This makes the G-action 
transparent, but for later purposes it will be more convenient to write 

(2.8) N(X)= f\ Xi 

ieg/h 

with Xi = Hi x h X and Hi the right coset corresponding to i. The correspondence 
between these two expressions is given by the map g i— > g~ l , which interchanges 
left and right cosets, and the left and right actions. 

As described in the appendix, the norm functor is extended to a functor of 
spectra 

N = N§ : S H -> S G . 

by defining 

NS- y = S-' md " v 
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where ind^ V — hom^f (G, V) ~ pc <8>-ff V is the induced representation (and pc is 
the real regular representation of V) . As is evident from the canonical presentation, 
the analogue of (|2.8|) still holds 

(2.9) i* N(X)= f\ X t 

ieG/H 

with 

X, = {H l )+ A X. 

H 

The functor N is weakly symmetric monoidal in the sense that it is lax monoidal, 
and the map 

N(X)AN(Y) -> N{X AY) 

is a weak equivalence whenever X and Y are cofibrant (this terminology is borrowed 
from Schwede-Shipley [29). Among other things, this gives a weak equivalence 

(2.10) NS V = S' mdv 

for any virtual representation V. 

In terms of the canonical presentation 

X = liolim5" y AAV 
v 

one has 

NX w holim5" ind « y A N{X V ). 
v 

The norm distributes over wedges in much the same way as the iterated smash 
product. We will need an explicit formula for the norm of a wedge in a fairly special 
situation. In the proposition below, we consider the case of an abelian group G a 
subgroup H C G and a wedge 

X = V x i 

of JT-equivariant spectra. Associated to this is the left G-set 

K = hom(G/iJ, J), 

and for each <f> G K the stabilizer group C G of <f>. Thus consists of the 
elements g € G such that for all x £ G/H 

4>(gx) = tf>(x), 

and the map (f> factors through 

4> : G/H^ J. 

Set 

X 4> = A X <?(*)' 

and 

A = N%*X $ . 
Informally, one can think of A^ as 

tec/H 
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Proposition 2.11. Suppose that G is abelian. H C G and 

X = V Xj 
je.J 

is a wedge of H -spectra. Then with the notation just described 

N§X = \/ G+ A X+. 

<t>EK * 

Proof: The canonical presentation reduces this to the analogous assertion for 
spaces, which is straightforward to check. □ 

Because it is lax monoidal, the functor N take commutative algebras to commu- 
tative algebras, and so induces a functor 

The following result is proved in the Appendix. 
Proposition 2.12. The functor 

is left adjoint to the restriction functor i* . Together they form a Quillen morphism 
of model categories. 

The norm is also related to the G-monoidal structure. The following result is 
proved in the Appendix. 

Proposition 2.13. There is a natural isomorphism 

Ni* H R — > i? ® (G/H), 

under which the counit of the adjunction is identified with the map 

R®{G/H) ->R®{pt) 

given by the unique G-map G — ► pt. 

A useful consequence Proposition ^. 13l is that the group Z(H) /H of G-automorphisms 
of G/H acts naturally on Ni* H R. The result below is used in the main computa- 
tional assertion of Proposition 14. 511 

Corollary 2.14. For 7 6 Z(H)/H the following diagram commutes 

Ni* H R — U- Ni* H R 



R 



Proof: Immediate from Proposition 12.131 



□ 
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2.3.4. Other uses of the norm. There are several important construction derived 
from the norm functor which also go by the name of "the norm." 

Suppose that R is a G-equivariant Eoo ring spectrum, and X is an i?-spectrum 
for a subgroup H C G. Write 

R° H (X) = [X, l * H R] H . 

There is a norm map 

N : R%(X) - R° G (NX) 

defined to be the composite 

NX -> Ni* H R -» R 

in which the second map is the counit of the restriction-norm adjunction. This is 
the norm map on equivariant spectrum cohomology, and is the form in which the 
norm is described in Greenlees-May [TT] . 

When V is a representation of H and X = S v the above gives a map 

N = N§ : n$R^irg dv R 

where 

indV = hom H (G,V) 

is the induced representation. 

Now suppose that X is a pointed G-space. There is a norm map 

N : R° H (X) - A" (X) 

sending 

a; e fl^(X) = [S° AX,i* H R] H 

to the composite 

S" A X -> S° A w iV(5° A X) — > M^-R -> R, 

in which 

X -v NX = hom H (G,X) 
is the map adjoint to the action map 

GxX ^ X. 

H 

One can combine these construction to define the norm on RO(G) -graded coho- 
mology 

N : R V H (X) -> R^ AV {X) 

sending 

S° A X ^ S v A i^i? 

to the composite 

S a A X —> S° A NX S* ind v A Ni*irR -> S ind v A R. 
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2.3.5. The relative norm. We'll also need a relative version of the norm functor 
N for modules over an equivariant Eqo ring spectrum. Suppose that R is a G- 
equivariant ring spectrum, and let A4r denote the category of left R- modules. 
The category A4r is a symmetric monoidal category under the operation M\ A M2. 

We define 

N — N R : Mi* H n Mr 

by 

N R M = R A 7VM, 

Ni*> H R 

in which the map 

iVijy-R -> i? 

is the counit of the adjunction described in Proposition ^. 121 

Clearly N R is a weakly symmetric monoidal functor and commutes with directed 
homotopy colimits. 

2.3.6. Equivariant polynomial algebras. In this section we construct a class asso- 
ciative algebras which are in some sense equivariant polynomial extension of other 
rings. A word of warning, though. These ring spectra are not necessarily Erx, rings, 
and are not free commutative algebras. 

For a representation V of H let 

5° [S v ] = \/ S kV 

k>0 

be the free (iJ-equivariant) associative algebra generated by S , and 

x e n$ S°[S V ] 

the homotopy class of the generating inclusion. The spectrum S' [S' V '] is not a 
commutative algebra, though the i?0(iJ)-equivariant homotopy groups make it 
appear so: 

**&[S v ] = **&[z]. 
It will be convenient to use the notation 

S°[x] = S°[S V }. 

Using the norm we can then form the G-equivariant "polynomial" algebra 

S°[G ■ S v ] = S°[G-x] = NgS°[S v }. 

By smashing examples like these together we can make associative algebras that 
"look like" equivariant polynomial algebras over S°, in which the group G is al- 
lowed to act on the polynomial generators. More explicitly, suppose we are given 
a sequence of subgroups H j C G and for each i a virtual representation Vj of Hi. 
For each i form 

S°[G-Xi] 

as described above, smash the first m together to make 

S°[G-Xu...,G 

and then pass to the homotopy colimit to construct the G-equivariant associative 
algebra 

S°[G-x 1 ,G-x 2 ,...}, 
which we think of as an equivariant polynomial algebra over S° . 
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All of this can be done relative to an equivariant commutative ring R by defining 

R[G-x u G-x 2 ,...] 

to be 

RAS°[G-x 1 ,G-x 2 ,...}. 
2.3.7. Weakly commutative algebras. 

Definition 2.15. An associative algebra A is weakly commutative if it is an as- 
sociative algebra retract of a commutative algebra. More precisely, A is weakly 
commutative if there is an equivariant ring spectrum R and equivariant asso- 
ciative algebra maps 

A -> R -> A 

whose composite is equal, in the homotopy category of associative algebras, to the 
identity map of A. 

The identity map makes a commutative algebra weakly commutative. The fol- 
lowing is straightforward. 

Proposition 2.16. If A is a weakly commutative H-spectrum then N§A is a weakly 
commutative G -spectrum. A (possibly infinite ) smash product of weakly commuta- 
tive ring spectra is weakly commutative. □ 

Definition 2.17. Suppose that 

fi : Bi -> A, i = l,...m 

are algebra maps to a weakly commutative algebra A — > R — > A. The smash 
product of the fi is the algebra map 

mm mm 

/\fi:/\Bi^/\A^/\R^R^A. 

If B is an iJ-equivariant associative algebra, and / : B — > i* H A is an algebra map, 
the norm of f is the G-equivariant algebra map 

N%B -> A 

given by 

NB -> Ni* H A Ni* H R R^A. 

Remark 2.18. Composition with an algebra map g : A — > C of weakly commutative 
algebras does not necessarily preserve the smash product or norm. On the other 
hand, since the map of equivariant spectra underlying 

m 

can be computed without reference to R, the smash product is functorial as a map 
of underlying equivariant spectra. 

It's easy to map a polynomial algebra to a weakly commutative algebra. Suppose 
that A is a G-equivariant weakly commutative algebra, and we're given a sequence 

Xi £ *^V- i ^ — ^" i ^ 5 ■ ■ ■ 

A choice of representative 

S v > - A 
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of Xi determines an associative algebra map 

s°N - A. 

Applying the norm gives a G-equivariant associative algebra map 

S°[G-Xi\ -> A. 

By smashing these together we can make a sequence of equivariant algebra maps 

S°[G ■ xi,...,G ■ x m ] — > A. 
Passing to the homotopy colimit gives an equivariant algebra map 

S°[G- Xl ,G-x 2 ,...} — > A 
representing the sequence Xi . 

2.3.8. Quotient rings. One important construction in ordinary stable homotopy 
theory is the formation of the quotient of an ring spectrum R by the ideal 
generated by a regular sequence {x\,x%, . . .} C ir*R. This is done by inductively 
forming the cofibration sequence of -R-modules 

Y} X ^R/ (xi,..., x n -i) -»• R/(xi, ■ ■ • , x n -i) -> R/{x\, . . . , x n ) 

and passing to the colimit in the end. One can also write 

R/(x±, ...,x n ) = R/(xi) A ... A R/(x„). 

The situation is slightly trickier in equivariant stable homotopy theory, where 
the group G might be permuting the elements Xi, and preventing the inductive 
approach described above. One can get around this difficulty using the functor N R 
as we now describe. We arc indebted to Jacob Luric for suggesting that the norm 
functor might be used in this way. 

Fix H C G and a set {gi} of coset representatives. Suppose that R is a G- 
equivariant ring spectrum, and to ease the notation a little write 

Rh = i*tjR 
Ro — i$R- 

Given a sequence of elements Xi S TTy.Rn form the equivariant R //-module 
Rn/ixi) = ho\imR H /(xi, ...,x n ) 
as in the non-equivariant case, using the cofibration sequences 

S v * A R H /(xi, . . .,x n -i) -> Rh/(xi, ■ ■ .,x n -i) -> R H /(xi, . . .,x n ). 
We define R/{G Xj ) by 

R/(G-x j ) = N R (R H /(x j )). 

Even though the construction does not depend on the choice of coset representatives 
{gi} it is useful to employ the notation 

R/(G-x j )=R/(g i x j ) 

as a reminder of the factors being smashed together (Lemma 12.231 below) . 

There is another very useful description of R/(Gxj). For each j choose an 
-H-equivariant map 

S v * -► i*„R 
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representing Xj , and extend it to a map of associative algebras 

S[x 3 ] -> i* H R 

where 

S[ Xj ] = \/ s kv * 

k>0 

is the free f/-equivariant associative algebra generated by S Vj . Now apply the norm 
to get a G-equivariant algebra map 

S[G ■ xj] -> R 

with S[G ■ Xj] = N§S[xj]. Similarly, use the constant map 

S v * - * 

to define an algebra map 

S[G ■ Xj] -> S°. 

Smashing these together over j, multiplying, and passing to the colimit gives the 
following diagram of G-equivariant associative algebras 

(2.19) R<- S[G-x u G-x 2 ,...] -^S° 

Lemma 2.20. The R-module R/(gi,Xj) is isomorphic to 

R A S° ?z R A R, 

T RAT 

where 

T = S[G- Xl ,G-x 2 ...]. 

Remark 2.21. The smash products in the above lemma are the "derived" smash 
products, and are given by the evident two-sided bar constructions. Before forming 
them the map T — > S° needs to be replaced by a cofibration. 

Proof: Write 

Rh = i*nR 
T H = S[xi,X2, ■■■]■ 
Because the norm is symmetric monoidal it suffices to prove that 

R H /(x u ...)^ R H A S°. 

Th 

By induction and passage to colimits, this in turn reduces to the assertion that for 
an i?#-module M, 

M A Rh/(x) w M A S°, 

Rh S[x] 

for a single x <G ny R. One easily checks that both sides are given as the cofiber of 
the -Rtf-module map 

S y M M 

given by multiplication by x. □ 

We will also make use of the properties of quotient rings described in the next 
two lemmas. 
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Lemma 2.22. There are natural weak equivalences of equivariant R-modules 
R/QliXi, . . . ,giX n ) w R/(g l x 1 ) A ... A R/(giX n ) 

Rj (giXj) w holim Rj (giX\) A ... A i?/ (gjX r , 



Proof: The second assertion follows easily from the fact that N R commutes 
with the formation of directed colimits. The first is formal consequence of the fact 
that it is weakly symmetric monoidal, and is proved by induction on n. To keep 
the notation under control let (xk) stand for the sequence (xi, . . . ,x n -\). For the 
inductive step write 

R H /(x k , x n ) = R H A {R H /(x k ) A R H /(x„)) 

RhARh 

and note that 

R/(G ■ x k , G ■ x n ) = N R R H /(x k , x n ) 
= R A N(R H /(x k ,x n )) 

NR H 

— R A N(R H A (R H /(x k ) A R H /{x n ))) 

NR H (RhARh) 

= R A {NR H /{x k ) A NR H /{x n )) 

(NR h ANR h ) 

— R A (R A R) A (NR H /{x k ) ANR H /(x n )) 

(RAR) (NRhANRh) 

= R A {R/(G ■ x k ) A R/(G ■ x n )) 

(RAR) 

= R/(G ■ x k ) AR/(G ■ x n ). 

□ 



Lemma 2.23. The R^-module Iq(R/ '(G ■ Xj)) is naturally weakly equivalent to the 
quotient (Ra)/{giXj). 

Proof: By Lemma [2]22] it suffices to consider the case of a single Xj. In that case 
Rh I [xj ) sits in a cofibration sequence 

(2.24) S v » AR H ^R H ^ Rh/(xj). 

By the decomposition (|2.9p . the factors being smashed together over i?o to form 
IqR/(G ■ Xj) are 

Ro A M h 

Ri 

where 

R % = H % ® i*R H w (Hi)+ A R 
H h 

and Mi is gotten from i* R H /{xj) by applying (Hi)+ A ( - ) to (|2.24|) . The choice 

H 

of coset representative gi G Hi identifies 

Ri — * -Ro 

with 

g : R — > i?o- 

The result then follows easily. □ 
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We end this section with a remark that plays an important role in the proof of 
the Reduction Theorem in Sj7j 

Remark 2.25. It follows from the fact that N R is symmetric monoidal that if 
Rft/ixj) is an i?#-algebra. Then the i?-module R/(giXj) is naturally an i?-algebra. 

2.4. Fixed points and geometric fixed points. 



2.4.1. Fixed point spectra. The fixed point spectrum of a G-spectrum X is defined 
to be the spectrum of G fixed points in the underlying, non-equivariant spectrum 
i^X . In other words it is given by 

X i ► i* X G . 

The functor of fixed points is right adjoint the functor sending S~~ v A Xy G § to 
S~ v A Xy € S G , where in the latter expression, V is regarded as a representation 
of G with trivial G-action and Xy is regarded as a space with trivial G-action. 
The fixed point functor doesn't always have the properties one might expect. For 
example it does not generally commute with smash products, or with the formation 
of suspension spectra. 



2.4.2. The geometric fixed point spectrum. There is a related geometric fixed point 
functor, <E> which has much more convenient properties. In terms of the canonical 
presentation 

X w holim^' AX V 

V 

one has 

(2.26) <f> G X « holim S' Vo X^, 

v 

where Vq C V is the space of G-invariant vectors, and Xy is the space of fixed 
points. 

The functor <I> G has the following properties 

i) it is weakly monoidal and commutes with directed homotopy colimits; 

ii) it commutes with the formation of suspension spectra of cofibrant objects. 

In fact these properties determine < & G up to weak equivalence. To see this note 
that for a representation V of G one has 

S° = <5> G S° w t> G (S v A S- v ) « t> G S v A <P G S- y w S v " A $ G £- y , 

where Vq C V is the part on which G acts trivially. Thus the properties above 
imply 

iii) $ G S^ y = S~ Vo . 

Threading <i> G through the canonical presentation then leads to the formula (12.261) . 
Because $ is weakly monoidal, it determines a functor 

$ G ■ £ G — ► £ 
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2.4.3. Isotropy separation. These properties often make it easy to compute $> G X , 
but that's only half of the story. What makes the notion so fundamental is the 
fact that there is a completely different approach. Let T denote the family of 
proper subgroups of G, and ET the "classifying space" for T, characterized by 
the property that the space of fixed points ET is empty, while for any proper 
H C G, ET H is contractible. The space ET can be constructed as the join of 
infinitely many copies of G/H with H ranging through the proper subgroups of G. 
Let ET be the mapping cone of ET — > pt, with the cone point taken as base point. 
Smashing with a G spectrum X gives the isotropy separation sequence 

(2.27) ET+ AX ^ X ^ ET AX. 

The remarkable thing about ET A X is that there is an equivalence 

$ G X w i* (ET AX) G . 

So one can harness the fixed point spectrum of X by determining the geometric 
fixed points Q G X and the fixed points in ET + A X. But ET + A X is built entirely 
from G-cells of the form G/H + A S n with H a proper subgroup of G, and so one 
can often get at its fixed points by induction. 

When G = C^, the space ET is the space EC2 with G acting through the 
cpimorphism G — > C2. Because of this we'll use the notation EC2+ A X and 
EC 2 A X instead of ET+ A X and ET A X. 

Remark 2.28. The isotropy separation sequence often leads to the situation of need- 
ing to show that a map X — > Y of G-spectra induces a weak equivalence 

ET A X -> E T A Y. 

Since for every proper H C G, tt^ ET A X = tt^ ET A Y = 0, this is equivalent 
to showing that the map of geometric fixed point spectra & G X — > $ G F is a weak 
equivalence. 

Remark 2.29. Since for every proper H C G, ^ ET A X = 0, it is also true that 

[T,ETAX] G = 

for every G-CW spectrum T built entirely from G-cells of the form G+ A D n with 

H a proper subgroup of G. Similarly, if T is gotten from To by attaching G-cells 
induced from proper subgroups, then the restriction map 

[T,ETAX] G ^[T Q ,ETAX] G 

is an isomorphism. This holds, for example, if T is the suspension spectrum of a 
G-CW complex, and T C T is the subcomplex of G-fixed points. 

Remark 2.30. For a subgroup H C G and a G-spectrum X it will be convenient to 
use the abbreviation 

$ H X 

for the more correct <fr H i* H X. This situation comes up in our proof of the "homotopy 
fixed point" property of Theorem lll.31 where the more compound notation becomes 
a little unwieldy. 
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2.4.4. Multiplicative properties. The geometric fixed point construction interacts 
well with the norm. Suppose that H C G. Note that for a representation V of H 
and a space Xy with an i7-action we have 

<f> G N(S- y A X v ) « $ G (S'" indv A WAV) » S^ A (AX V ) G 

» S'- 1 ' A Xy w <f> H (S- v A A», 

where Vb C V is the space of iJ-fixed vectors. Using the canonical presentation 
this leads easily to 

Proposition 2.31. There is a natural weak equivalence 

<P G NX w <S> H X. 

There is also an analogue for the relative norm 

Proposition 2.32. Suppose that R is an equivariant Eoo ring spectrum. For cofi- 
brant i* H R-modules there is a natural weak equivalence 

<$> G (N R M) w $ G i? A <$> H (M). 

<t> H i*R 

Proposition 12.321 has a simple but very useful consequence. 
Lemma 2.33. The composite junctor 

$>G N R . M . fR _ M<s>Gr 

is homotopy colimit preserving. In particular, it preserves wedges and cofiber se- 
quences. □ 

Proposition 12.321 leads to a formula for the geometric fixed point spectrum of a 
quotient module. As in fc|2.3.81 suppose that R is a G-equivariant ring spectrum, 
H C G, and x £ HyR. 

Proposition 2.34. There is a cofibration sequence of R-modules 
£ y °$ G i? ^ $ G i? -> <5> G R/{G • x) 

in which 

y = $ G Nx = <$> H x. 

Proof: Starting from the cofibration sequence of i?y-modules 

Y^y Rfl — > R}j — y Rn I x 

apply $ G o N R and use Propositions [27321 and [2T33T □ 

There is another useful result describing the interaction of the geometric fixed 
point functor with the norm map in i?G(G)-graded cohomology described in £12.3.41 
Again, suppose that R is a G-equivariant ring spectrum, X is a G-space, and 
V a real representation of H. One can then compose the norm 

N : R V H {X) ->R l £ dv {X) 

with the geometric fixed point map 

$ G : R% dv (X) -> (<5> G R) Vo (X G ), 

where Vo C V is the subspace of iJ-fixed vectors, and X G is the space of G-fixed 
points in X. 
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Proposition 2.35. The composite 

t> G N : R V H {X) -> (^ G R) V °(X G ) 

is a ring homomorphism. 



Proof: Multiplicativity is a consequence of the fact that both the norm and the 
geometric fixed point functors are weakly monoidal. Additivity follows from the 
fact that the composition <& G o N preserves wedges fLemm.a l2.33p . □ 



2.5. Preliminary computations in equivariant cohomology. 

2.5.1. Mackey Functors and cohomology. In equivariant homotopy theory, the role 
of "abelian group" is played by the notion of a Mackey functor. The following 
formulation is taken from Greenlees-May [TU] , 

Definition 2.36 (Dress 5 ). A Mackey functor consists of a pair M = (M*, M*) 
of functors on the category of finite G-sets. The two functors have the same object 
function (denote M) and take disjoint unions to direct sums. The functor is 
covariant, while M* is contravariant, and together they take a pullback diagram of 
finite G-sets 

s 




to a commutative square 



M(P) — M(X) 



M(Y) 

where a* = M*(a), {3* = M*(/3), etc. 



M(Z) 



A Mackey functor can also be defined as a contravariant additive functor from 
the full subcategory of § G consisting of the suspension spectra T,°°B + of finite G- 
sets B. It is a non-trivial result of tomDieck that these definitions are equivalent. 
See PH §5]. 

The equivariant homotopy groups of a G-spectrum X are naturally part of the 
Mackey functor defined by 



For B — G/H one has 



]L n X(B) =hoS G (S" AB + ,X) 



TL n X(B)=^X. 



As described above, the symbol 7r„A will refer to this Mackey functor, though we'll 
make little use of the notation n n X(B), using ir^ X instead. 

Just as every abelian group can occur as a stable homotopy group, every Mackey 
functor M can occur as an equivariant stable homotopy group. In fact associated 
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to each Mackey functor M is an cquivariant Eilcnbcrg-Mac Lane spectrum HM, 
characterized by the property 



K„HM 



M n = 
n ^ 0. 

The homology and cohomology groups of a G-spectrum X with coefficients in 
M are defined by 

Hj?(X;M) = n^HMAX 

H%{X- M) = hoS G (X, Y, k HM). 

For a pointed G-space Y one defines 

H^(Y;M) = H n (S°AY;M) 

Hq(Y; M) = H n (S" A Y; M). 

One particularly important example is the "constant" Mackey functor Z repre- 
sented on the category of G-sets by the abelian group Z with trivial G-action. By 
definition, the value of Z on a finite G-set O is the group of functions 

Z(0) = hom G (C, Z) = hom(C/G, Z). 

The restriction maps are given by (pre-)composition. For K C H C G, the transfer 
map associated by Z to the covering 

G/K -> G/ff 

is the map Z — ► Z given by multiplication by the index of X in H. 
It will also be useful to have the notation 

HZ(X;Z) andtf£(X;Z) 

for the ordinary, non-equivariant homology and cohomology groups of the underly- 
ing spectrum i$X . Of course there are isomorphisms 

i^(X;Z)«tf G (G+AX;Z) 

H:(X:Z)^HZ(G + AX:Z). 

The Mackey functor homology and cohomology groups of a G-CW spectrum Y 
can be computed from a chain complex analogous to the complex of cellular chains. 
Write y(") for the n-skcleton of Y so that 

yW/yf"- 1 ) ^ B + AS n 

with B a discrete G-set. Set 

G£ oll (T; M) = n n HM A Y {n) /Y (n - 1) = ir HM A B+ 
G c " ell (F;M) = [r("Vy ( " _1) ,S™i/M] G = [Y,°°B+,HM] G . 

The map 

y(") /y("-!) — ► £y( n_1 ) /y("~ 2 ) 

defines boundary and coboundary maps 

G^ 11 (r;M)^G^ 1 1 (r;M) 

G c " e 7 1 1 (y;M)^G c " ell (F;M). 

The equivariant homology and cohomology groups of Y with coefficients in M are 
the homology and cohomology groups of these complexes. By writing the G-set B 
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as a coproduct of finite G-sets B a one can express C^ ll (Y; M) and C™ ell (Y; M) in 
terms of the values of the Mackey functor M on the B a . 

2.5.2. RO(G)- graded homotopy groups. In addition to the Mackey functor homo- 
topy groups w^X there are the RO(G) graded homotopy groups ir*X defined by 

ir$X = ho$ G (S v ,X) VERO(G). 

Here RO(G) is the Grothcndieck group of real representations of G. The use of 
★ for the wildcard symbol in tt+ is taken from Hu-Kriz [16]. The i?0(G)-graded 
homotopy groups are also part of a Mackey functor 7r + (X) defined by 

K V X(B) =hoS G {S v AB + ,X). 

As with Z-graded homotopy groups, we'll use the abbreviation 

KvX = tl v X(G/H). 

There are a few distinguished elements of i?0(G)-graded homotopy groups we'll 
need. For a representation V of G we let 

a v e n G v S° 

be the equivariant map 

(2.37) ay :S° -> S v 

corresponding to the inclusion {0} C V. The element ay is the equivariant Eulcr 
class of V. If V contains a trivial representation then ay — 0. For two representa- 
tions V and W one has 

If V is an oriented representation of G of dimension d, there is a unique map 

(2.38) u v :S d ^HZAS V 

with the property that i^uy is the generator of the non-equivariant homology group 
H%(S V ';Z) corresponding to the orientation of V (see Example 1 2 . 4 1 1 b elow ) . We'll 
regard uy as an element of the i?0(G)-graded group 

n G _yHZ 

If V and W are two oriented representations of G, and V ® W is given the direct 
sum orientation, then 

Uy®W = UyUw 

Among other things this implies that the class uy is stable in V in the sense that 
uy+i = uy. 

For any V, the representation V © V has a canonical orientation, and so there's 
always a class 

u VBV G irf d _ 2V HZ. 

When V is oriented this class can be identified, up to sign, with u v . 

The classes ay and uy behave well with respect to the norm. The following 
result is a simple consequence of the fact (|2.10j) that NS = S md v . 
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Lemma 2.39. Suppose that V is a representation of a subgroup H C G of dimen- 
sion d. Then 

Na v = a ind v 

U\ndd ■ Nu V = UindV, 

where ind V = ind^ V is the induced representation and d is the trivial representa- 
tion. □ 

It is sometimes useful to think of the second identity above as 

Nuy = M(indV-indd) = u ind(V-d)7 

even though the symbol Uind(v-d) has no defined meaning. 

In the case G = G^n the sign representation of dimension 1 will play an important 
role. We'll denote this representation as a, or oq if more than one cyclic group is 
under consideration. 

2.6. Computations with HZ. We now turn to the special case of the constant 
Mackey functor Z, and some computations which will play an important role later 
in the paper. 

Lemma 2.40. Suppose that B is a discrete G-set. The Mackey functor ir HZAB + 
is the functor associating to each finite G-set O the group of equivariant homomor- 
phisms 

O -► Z[B] 
from O to the free abelian group on B. 



Proof: One reduces easily to the case in which B is finite. Using equivariant 
Spanicr- Whitehead duality one finds 

[0+,HZ AB + ] G = [0+ AB+,HZ] G = hom(C x B,Z). 

G 

from which the result follows. □ 

Suppose that Y is a G-CW complex, with n-skclcton denoted Y^ n \ Then by 
definition y(")/y(«- 1 ) = B + A S n for some discrete G-set B. The Mackey functor 
-K n HZ A is then the one associating to O the group of equivariant 

functions 

O -► C c n ca Y 

and so the Mackey functor chain complex for HZ AY is just the usual cellular chain 
complex for Y associated to a G-equivariant cell decomposition. The equivariant 
homology group H^(Y; Z) are just the homology groups of the complex 

C cell (F) G 

of G-invariant cellular chains. Similarly the equivariant cohomology groups Hq (Y; Z) 
are given by the cohomology groups of the complex 

C* ccll (Y) G 

of equivariant cochains. The equivariant homology and cohomology groups depend 
only on the equivariant chain homotopy type of these complexes. 
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Example 2.41. Suppose that V is a representation of G of dimension d, and consider 
the equivariant cellular chain complex 

The homology groups are those of the sphere S v , and so in particular the kernel of 

is isomorphic, as a G-module, to H%(S V ;Z). If V is oricntablc then the G-action 
is trivial, and one finds that the restriction map 

H$(S V ;Z)^H%(S V ;Z) 

is an isomorphism. A choice of orientation gives equivariant isomorphism 

H%(S v ;Z)nZ 
Thus when V is oriented there is unique isomorphism 

Hf(S v ;Z)^Z 

extending the non-equivariant isomorphism given by the orientation. 

We now turn to some specific computations which will play an important role in 
this paper. Let G be the group C2™ , and write pa for its real regular representation. 
We calculate the groups 

H° (S mpG ;Z) and H* G {S mpa ;Z) 

for m > 0. In this section we regard S mpG as a G-space, and not a G-spectrum. 
Let's first start with n = 1. In this case the G- fixed point space is S m and so 
the complex of equivariant cellular chains starts with a Z in dimension m. The 
remaining cells, ranging in dimensions from m + 1 to 2m are free, and so the 
complex of cellular chains takes the form 

Clm — > G2 TO -1 G TO +i — ► Z 

where each d is a free module over G. The homology of the underlying chain 
complex consists only of the group Z in dimension 2m. From this it is a simple 
matter to check that the complex of equivariant chains on S mpG is equivariantly 
chain homotopy equivalent to the complex 

Z[G] -> > Z[G] -> Z 

ranging in dimensions from m to 2m. The differentials are the usual ones occurring 
in the minimal resolution of the trivial module Z. 

Returning to the case of G = C^n , and for k < n write G& for the unique quotient 
of G of order 2 fc . The fixed point space of the G2 C G action on S mpG is a sphere 
of dimension m2™~ 1 , and as a G„_i-space can be identified with S mpGn - 1 . The 
kernel of 

y~*ccll / QtnpQ \ ^cell / QTnpQ \ 

°m2"-H D J _>U m2"- 1 -lW ) 

is therefore Zf m , a copy of Z equipped with the action of G on which a generator 
acts by (-l) m . 

The remaining cells of S mpG are free, and range in dimension from (m2™ _1 + 1) 
to m2™. The portion of the equivariant cellular chain complex for S mpG in this 
range of dimension therefore fits into a sequence 
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which is exact everywhere except at the leftmost term, where the kernel is Z® m . A 
simple argument with basic homological algebra shows that this complex is equiv- 
ariantly chain homotopy equivalent to 

Z[G] -» ► Z[G] -► Z| m 

with the copies if Z[G] ranging in dimensions from (m2" _1 + 1) to m2". 

Putting it all together one finds that the complex of equivariant cellular chains 
on S mpG is equivariantly chain homotopy equivalent to the composition of the 
complexes 

Z[G fc ] - • • ■ - Z[G 2fc ] - Zf m 

with 2 < k < n, and 

Z[G 2 ] > Z[G 2 ] -> Z. 

For example, when G = G 8 and m = 1, the complex of equivariant cellular chains 
is constructed by composing 

Z[G 8 ] -> Z[G 8 ] Z[G 8 ] -» Z[G 8 ] -» Z± 
Z[G 4 ] -► Z[G 4 ] -» Z± 
Z[G 2 ] -» Z 

to give 

Z[G 8 ] - Z[G 8 ] -> Z[G 8 ] - Z[G 8 ] -> Z[G 4 ] - Z[G 4 ] - Z[G 2 ] -> Z, 

with the Z on the right in dimension 1. Passing to invariants gives 

? o ? n ? o 2 

The complex of equivariant maps to Z (for calculating equivariant cohomology) is 



For G = G 8 and m = 2 the complex of invariants works out to be 




with the rightmost Z in dimension 2. The complex for computing cohomology is 

z^z^z^z^z^z^z^z^z^z^z^z^z^-z^-z. 

We will return to this kind of computations in much greater detail in a later 
paper. 

Proposition 2.42. Let G = G 2 ~. For any G-spectrum X, the RO(G) -graded 
homotopy groups of $ G X are given by 

tt* <t> X =a a X. 
The homotopy groups of the ring spectrum <fr G HZ are given by 

7if$ G #Z = Z/2[6], 
where b = u 2a a^ 2 G 7r 2 $ G _ffZ C a^ 1 n G HZ. 



30 



M. A. HILL, M. J. HOPKINS, AND D. C. RAVENEL 



Proof: The space EC2 is linin^oo S na . This gives the first assertion. The usual 
equivariant cell decomposition of S m with the antipodal action gives a complex of 
equivariant chains on limn-^ S na 

> Z[G 2 ] -» ► Z[G 2 ] -» Z[G 2 ] -» Z. 

The complex of invariants is 



z_^z^>z-^z^> 



from which it follows that 



ir k <P G HZ 



k < or odd 

Z/2 > and even. 

That the non-zero element in 7T2„ is b n is immediate from the definition. □ 



3. The slice filtration 

The slice filtration is an equivariant analogue of the Postnikov tower, to which 
it reduces in the case of the trivial group. In this section we introduce the slice 
filtration and establish some of its basic properties. We work at the outset with a 
general finite group G, though our deepest results (in <j5]) apply only to the case 
G = C2'» . While situation for general G exhibits many remarkable properties, the 
reader should regard as exploratory the apparatus of definitions at this level of 
generality. 

3.1. Slice cells. 

3.1.1. Slice cells and their dimension. For a subgroup K C G let px denote its 
regular representation, and write 

S{mp K ) = G+ A S mpK m G Z. 

When G is cyclic, any subgroup is determined by its order, so we can write 
S(mp n ) — S(mpK), where K is the unique subgroup of order n. Strictly speaking 
we should denote this instead by S(m, K) to avoid any ambiguity when m = 0, but 
we find the notation above more useful. 

Definition 3.1. The set of slice cells is 

A = {S{mp K ), E _1 5(m/Jif ) I m G Z, K C G}. 

This brings two notions of "cell" into the story. The slice cells, and the more 
usual equivariant cells of the form G / H + f\S m , used to manufacture G-CW spectra. 
We'll always refer the traditional equivariant cells as "G-cells" in order to easily 
distinguish them from the "slice cells" which are our main focus. 

Definition 3.2. A slice cell is induced if it is of the form 

H 

where S is a slice cell for H and H C G is a proper subgroup. It is free if H is the 
trivial group. A slice cell is isotropic if it is not free. 

Remark 3.3. An isotropic slice cell is not necessarily an induced slice cell. The cell 
S PG is an example. 
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Since 

lG+AS,X] G = lS 7 i* H X} H 

H 

[X,G+ASf = [i* H X,S] H 

H 

induction on |G| usually reduces claims about cells to the case of those which are 
not induced. The slice cells which are not induced are those of the form S mpa and 

The dimension of a slice cell is that of its underlying spheres, namely 

dim Simpx) = m\K \ 

dim Yj -1 S(mpK ) = rn\K\ — 1. 

Remark 3.4. Not every suspension of a slice cell is a slice cell. Typically, the 
spectrum Y,~ 2 S(mpK ) will not be a slice cell, and will not exhibit the properties of 
a slice cell of dimension dim S^mpx) — 2. 

The following is immediate from the definition. 

Proposition 3.5. Let H C G be a subgroup. If S is a G-slice cell of dimension 
d, then i* H S is a wedge of H -slice cells of dimension d. If S is an H -slice cell of 
dimension d then G+ A S is a G slice cell of dimension d. □ 

3.1.2. The slice analogue of "connectivity". Underlying the theory of the Postnikov 
tower is the notion of "connectivity" and the class of (n — reconnected spectra. 
In this section we describe the slice analogues of these ideas. There is a simple 
relationship between "connectivity" and "slice-connectivity" which we will describe 
in detail in <g31 

Definition 3.6. A subcategory C of S G is closed under homotopy colimits if it is 
closed under weak equivalences, the formation of arbitrary wedges and mapping 
cones. 

To clarify, closure under the formation of mapping cones means that if X — * 
Y — > Z is a cofibration sequence and X and Y are in C then so is Z. 

Example 3.7. Let X — > Y be a map of G-spectra. The class of spectra T for which 
the map of functions spaces S (T,X) — ► § (T,Y) is a weak equivalence is closed 
under homotopy colimits. So is the class of spectra T for which the map of G-spaces 

S?(T,X)-S?(T,y) 

is a weak equivalence. 

Example 3.8. Suppose T is a collection of G-spectra. The class of G-spectra X 
with the property that for all Z 6 the G-space (X, Z) is contractible is closed 
under homotopy colimits. 

Example 3.9. The smallest subcategory of § G closed under homotopy colimits, and 
containing the G-cells G A S m , H C G is the category of (m — l)-connected G- 

H 

spectra. 

Lemma 3.10. Let C C S G be a full subcategory which is closed under homotopy 
colimits. Then following are equivalent 
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i) C contains all slice cells S with dim S > n; 

ii) C contains all spectra of the form S AT, where S is a slice cell with dim S > n 
and T is a suspension spectrum. 

Proof: The second condition clearly implies the first. For the other direction it 
suffices to show that C contains all spectra of the form G/H + A S with S a cell 
of dimension greater than or equal to n. But G/H+ A5~ G + A S is a wedge of 

H 

G-cells of dimension greater than or equal to n by Proposition 13.51 □ 
Definition 3.11. Let 

Sgn C S G 

be the smallest full subcategory which is stable under homotopy colimits and sat- 
isfies the equivalent conditions of Lemma 13.101 

It will be convenient to use the notation 

Y >n 

to indicate Y £ §>„■ It will also be convenient to write S>„ for S> n+1 and 

Y > n 

when Y £ §>„. 

One might think of the condition Y > n as the slice analogue of being (n — 1)- 
connected, and this suggests the use of the term "(n — 1) slice-connected" for the 
spectra in §> n . We have not found ourselves using this terminology, in part because 
there is no a priori relationship between being in § >n and any notion of connec- 
tivity. It is only because of the relation between the connectivity and dimension of 
spheres that these two notions are so closely related in ordinary homotopy theory. 
Nevertheless, in forming the slice tower we are definitely forcing the spectra in § >n 
to behave as if they are "(n — 1) slice-connected." 

Proposition 3.12. For a G-spectrum X , the following are equivalent 

i) If S is a slice cell with dim 5* > d then the G-space §q(S,X) is contractible; 

ii) If Y > d then the G-space Sq (Y, X) is contractible. 



Proof: We prove that the first assertion implies the second. The reverse im- 
plication is trivial. Let C C 8 G be the full subcategory consisting of X for which 
the G-space ^(X, Y) is equivariantly contractible. The category C is closed under 
homotopy colimits and contains all of the slice cells S with dim S > d. It therefore 
contains §> d . □ 

Proposition 3.13. For a G-spectrum Y , the following are equivalent 

i) Y > 

ii) Y is {—I)- connected: for i < 0, the Mackey functor tt^Y is zero. 
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Proof: Since the slice cells 5 with dim 5 > are all (— l)-connected, the first 
assertion implies the second. On the other hand since 5(0 ■ pjj) — G/H+, the set 
of slice cells of dimension is exactly the set of equivariant cells of dimension 0. 
The class of (— l)-connected spectra is the smallest class of spectra which is closed 
under homotopy colimits and which contain these cells. □ 

Remark 3.14. For the condition Y > n can have unexpected behavior. For 

instance it is not the case that if Y > then ir Y — 0. In Proposition 15. II we'll see 
that the fiber F of 5° — > if Z has the property that F > 0. On the other hand itqF 
is the augmentation ideal of the Burnside ring. 

We conclude this section with some results of a technical nature, which will be 
used later. 

Lemma 3.15. Suppose that f : X — > Y with X,Y > n. Then f is a weak 
equivalence if an only if for all slice cells 5 with dim 5 > n, and all t > 

[E 4 5,X] G -» [E'5,y] G 

is an isomorphism. 



Proof: The only if part is trivial. For the "if" part, first note that the condition 
is equivalent to the assertion that the map of function spaces 

§ G {S,X) -» § G (S,Y) 

is a weak equivalence. Consider the class C of G-spectra T for which § G (T, X) — > 
S G (T, Y) is a weak equivalence. The class C is closed under homotopy colimits, 
and it contains all of the slice cells 5 with dim 5 > n. By Lemma 13. 101 it therefore 
contains X and Y. □ 

In fact the factor E* can be dropped from the hypotheses of Lemma 13.151 

Proposition 3.16. Suppose that X,Y > n and that f : X — > Y is a map of 

G-spectra with the property that 

[S,X] G -» [S,Y} G 

is an isomorphism for all slice cells 5 with dim 5 > n. Then f is a weak equivalence. 

Proof: Under the stated assumptions, we'll prove that for all t > 0, 
(3.17) [5* A 5, X] G -» [5* A 5, Y] G 

is an isomorphism. The result then follows from Lemma 13.151 The case in which 
G is the trivial group is trivial since for all t, the spectrum E*5 is a slice cell of 
dimension t + dim 5 > n. By induction on \G\ we may assume the result for all 
proper H C G, so that we know that i* H f is a weak equivalence, and hence that 

[T AZ,X} G -> [TAZT] G 

is an isomorphism for all Z and all equivariant CW-spectra T built entirely from 
G-cells induced from proper subgroups ("induced G-cells"). Since for t > 0, the 
spectrum S tpa is built from 5* by attaching induced G-cells, the quotient 5' PG /5 t 
is such a T. We now prove that (|3.17p is an isomorphism for t > by induction 
on t. The case i = is one of the hypotheses. For the inductive step, assume the 
result for t' < t. If dim 5 is odd, then E5 is a slice cell of dimension dim 5 + 1 > n, 
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S'5 = S* 1 (S5'), and the situation is covered by the induction hypothesis. Suppose 
then that dim 5* is even, and consider the diagram of exact sequences below, with 
T standing in for S tpG /£*: 



[T A S, X] c 



[T A S, Y] c 



[S tp G a S, X] c 



[S* A S, X] c 



[E _1 T A S, X] G — >■ [E~ 1 S tp G A S, X] G 



[S tp G a s,y] G — >■ [S* a s,y] G — s- [e _1 t a s, y] c 



The five-lemma shows that (|3.17p is an isomorphism if and only if 

(3.18) [S tpG A S, X] G [S tpG A S, Y] G 
and 

(3.19) [S- X S* PG A S, Xf -> [ST 1 ^ A S, F] G 

are. But S tpG A 5 is a slice cell of dimension dim S + t\G\ > n, and since dim 5 is 
even, 

Tj^ 1 S tpG AS = S tpG A 
is a slice cell of dimension dim S + t\G\ — 1 > dim S > n, and so (|3.18p and p,19p 
are isomorphisms by the induction hypothesis. □ 

3.1.3. Constructing slice cells from G-cells. Our convergence result for the slice 
spectral sequence depends on knowing how slice cells are constructed from G-cells. 

Lemma 3.20. Let S G A be a slice cell, //dim S — n > 0, then S can be built 
from G-cells G/H + A S with \n/\G\\ < k < n. If dim S = n < then S can be 
built from G-cells G/H+ A S k with n<k < [n/\G\\ . 



Proof: We start with S — S mpa , m > 0. In this case S is the suspension 
spectrum of a G-CW complex that can be built starting with S m and attaching 
cells of dimension up to m\G\. So the result is clear in this case. Desuspending, we 
find that S = Y,~ 1 S mpG , of dimension m\G\ — 1, can be built with G-cells ranging 
in dimension from 

m\G\ - 1 



1 



|G| 



to ra|G| — 1 = n. For m < 0, Spanier- Whitehead duality gives an equivariant cell 
decomposition of S mpa into cells whose dimensions range from m\G\ to m and of 
Y^-igmpo m ^ ce \\ s w hose dimensions range from n — m\G\ — 1 to m — 1 = [^/|G|J . 
Finally, the case in which S is a cell induced from a subgroup K C G is proved by 
left inducing its X-cquivariant cell decomposition. □ 

Corollary 3.21. Let Y G §>„• If n > 0, then Y is weakly equivalent to a G-CW 
spectrum built from G-cells G/H + A 5™ with m > \n/\G\\. If n < then Y is 
weakly equivalent to a G-CW spectrum built from G-cells G/H + A S m with m > n. 



Proof: The class of G-spectra Y weakly to a G-CW spectrum built from G-cells 
G/H + A S m with m > [?V|G|J is closed under homotopy colimits. By Lemma r3.21l 
it contains the slice cells S with dimS* > n. It therefore contains all Y G §>„• A 
similar argument handles the case n < 0. □ 
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3.2. The slice tower. Let P n X be the Bousfield localization, or Dror nullifi- 
cation of X with respect to the class S> n , and P n+ \X the ,4-colocalization, or 
.A-cellularization, of X with respect to A — § >n ([H [13]). There is a functorial 
fibration sequence 

P n+1 X -^X^ P n X. 

The functor P„+i is characterized up to a contractible space of choices by the 
properties 

i) for all X, P n+1 X e S>„; 



equivalence of G-spaces. 



ii) for all A e §> n and all X, the map S G (A,P n+1 X) -> S G (A,X) is a weak 



In other words, P n+ iX — > X is the "universal map" from an object of S>„ to X. 
Similarly X —* P n X is the universal map from X to a G-spectrum Z which is 
S >n -null in the sense that S G (A, Z) ~ * for all A G §>„■ More specifically 

iii) the spectrum P"JT is § >n -null; 

iv) for any -null spectrum Z, the map 

§ G (P n X,Z) -► S G (X,Z) 

is a weak equivalence. 

The functor P™X is the colimit of a sequence of functors 

W X -> W X X -> ■ ■ ■ . 

The WiX are defined inductively starting with WqX = X, and taking WkX to be 
the cofibcr of 

ys^Wk^x, 
i 

in which the indexing set / is the set of maps S — > Wk-iX with S>na slice cell. 
Since § >n C §>„_i, there is a natural transformation 

P n X — p^x 

Definition 3.22. The s^ice tower of X is the tower {P n X} n£ %. The spectrum 
P"X is the n" 1 s/zce section of X. 

When considering more than one group, we will write P n X — PqX and P n X = 
P G X. 

Proposition 3.23. The functor P™ commutes with restriction to a subgroup. More 
precisely, there is a canonical equivalence 

i* H PgX - Pj^X 



Proof: The first assertion of Proposition 13.51 implies that the map 

i* H x - ^pgx 

gives an equivalence after applying Pjj, so it suffices to show 

i* H P£X -> P^P^X 
is an equivalence. Suppose that £ is an P-cell with dim S > n. Then 
[S,i*„PgX} H = [G+ AS,PSX] G = 
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by the second assertion of Proposition l3.5l □ 

The next result is straightforward, but useful. It says that if a tower looks like 
the slice tower, then it is the slice tower. We leave the proof to the reader. 

Proposition 3.24. Suppose that X — ► {P n } is a map from X to a tower of 
fibrations with the properties 

i) the map X — > lim P n is a weak equivalence; 

ii) the spectrum lim ^ P n is contractible; 

hi) for all n, the fiber of the map P n — ► P" _1 is an n-slice. 

Then P n is the slice tower of X. □ 

3.3. Multiplicative properties of the slice tower. The slice filtration does not 
quite have the multiplicative properties one might expect. In this section we collect 
a few results describing how things work. One important result is Corollary 13.351 
asserting that the slice sections of a ( — l)-connected commutative or associative 
algebra are ((— l)-connected) commutative or associative algebras. We'll show in 
§5.3l show that for the group G — C2" the slice filtration does behave in the expected 
way for the special class of "perfect" spectra, defined in ij5.2.11 

Lemma 3.25. Smashing with S mpG gives a bijection of the set of cells S with 
dim 5 = k and those with dim 5 — k + m|G|. 

Proof: Immediate from the definition. □ 
Corollary 3.26. Smashing with S mpa gives an equivalence 

§G qG 
>n ~ * ">n+m\G\ ■ 

□ 

Corollary 3.27. The natural maps 

S m " G A P k+1 X - P fe+m | G | +1 (S m " G A X) 

ginpc ^ p k X — > p k + m \G\ rgmpG ^ 



are weak equivalences. □ 
Lemma 3.28. Let S be a slice cell of dimension d. If X > then X A S > d. 

Proof: Let C denote the full subcategory of § G consisting of those X for which 
X A S > d. The category C contains all the cells of the form G/H + A S° by 
Proposition 13.51 Since C is closed under homotopy colimits it contains all (— 1)- 
connected spectra, and hence all X > by Proposition ^. 131 □ 

Corollary 3.29. If X > n, Y > m, and n is divisible by |G| then X A Y > n + m. 

Proof: By smashing X with ^(-"/IGDpg anc i using Corollary [3727] we may assume 
n = 0. The class of Y for which X A Y > m is closed under homotopy colimits. 
It also contains all cells S with S > m by Lemma 13.281 It therefore contains all 
Y > m. □ 
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Definition 3.30. A map X — > Y is a P n -equivalence if P n X — > P n Y" is an equiv- 
alence. 

Lemma 3.31. 7/ fee /?6er F of f : X ^ Y is in S>„, f/ie/i f is a a P n equivalence. 

Proof: The map X — > Y" is a P"-equivalence if and only if 

[Y,Zf^[X, Zf 

is an isomorphism for all § >n -null spectra Z. If F > n then £P > n since § >n is 
closed under homotopy colimits. the result then follows from the exact sequence 

[SF, Z] G -> [Y, Z] G -> [X, Z] G -> [F, Z] G . 

□ 

Remark 3.32. The converse of the above result is not true. For instance, * — > 5° is 
a P _1 -equivalence, but the fiber S" -1 is not in §>_!■ 

Lemma 3.33. i) 7/ X, Y , and Z are > 0, and Y —> Z is a P n -equivalence, then 
X AY ^ X A Z is a P n -equivalence; 

ii) For Xi, . . . , Xk S §>o ; the map 

Xi A ■ ■ • A X k -» P"Xi A ■ ■ • A P"X fe 

zs a P n -equivalence. 

Proof: The first assertion follows from Corollary 13.291 and Lemma 13.311 since it 
tells us that the smash product of X with the fiber of Y — ► Z is in § >n . The second 
is proved by induction on k, the case k = 1 being trivial. For the induction step 
consider 

X 1 A • • ■ A AVx A X fc =► P n X x A ■ ■ • A P"X fe _! A X fc 



P n Xi A • • • A P"X fc _i A P"X fc . 

The first map is a P"-equivalence by the induction hypothesis and part i). The 
second map is a P"-equivalence by part i). □ 

Remark 3.34. Lemma T3. 331 can be described as asserting that the functor 

P" : {(— l)-connected spectra} — > |s>„-null spectraj 
is weakly monoidal. 

Corollary 3.35. Let R be a (— 1) -connected G-spectrum. If R is a (homotopy) 
commutative or (homotopy) associative algebra, then so is P n R for all n. 
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3.4. The slice spectral sequence. Write P£X for the fiber of the map 

P n X -» p n - x x. 

The slice spectral sequence is the spectral sequence associated to the tower of 
fibration {P n X}, and it takes the form 

It can be regarded as a spectral sequence of Mackey functors, or of individual 
homotopy groups. We have chosen our indexing so that the display of the spectral 
sequence is in accord with the classical Adams spectral sequence: the £y'*-term is 
placed in the plane in position (t — s, s). The situation is depicted in Figure [TJ The 
differential d r maps Ep l to £^ +,%t+r ~ 1 , or in terms the display in the plane, the 
group in position (t — s, s) to the group in position (t — s — 1, s + r). 

The main point of this section is to establish strong convergence of the slice 
spectral sequence, and to show that for any X the ^-term is distributed in the 
gray region of Figure [TJ 

We begin with a fundamental technical result. 

Proposition 3.36. Write g = |G|. 

i) Ifn>Oandk>n then (G/H)+ A S k > n. 

ii) Ifm<-1 andk>m then {G/H) + A S k > (m + l)g - 1. 

iii) IfY>n with n > 0, then ttiY = for i < \n/ g\ ■ 

iv) If Y > n with n < 0, then ttiY = for i < n. 

Proof: For the first assertion we'll prove that if k > n > then for all G-spectra 

X 

[(G/H)+ AS k ,P n X] G = 0. 
We do this by induction on \G\, the case of the trivial group being obvious. Since 

[{G/H)+ A S k , P n X] G = [S k ,P n X] H 
we're reduced to showing 

[S k ,P n X] G = 0. 
The induction hypothesis implies that 

[T,P n Xf = 

for any T weakly equivalent to a G-CW spectrum built entirely from induced cells 
G/H + A Si , with j > n. Since the trivial part of kpc is M. k , the homotopy fiber of 
S k — » S kpG is such a T. Call it T. It then follows from the exact sequence 

[T,T,P n X] -> [S kpG ,P n X] -> [S k ,P n X] -► [T,P n X] 

that the restriction map 

[S kpa ,P n Xf ^ [S k ,P n X] G 

is an isomorphism. But the group in the left is zero, since the dimension of S kpa 
is greater than n. The second assertion is trivial for k > since in that case 
G/H + A S k > and (m+l)g — 1 < — 1. The case k < — 1 is handled by writing 

(G/H)+ A S k = Y,- 1 {G/H)+ A S'( fc + 1 )^ A g -(*+i)(po-i) < 



KERVAIRE INVARIANT ONE 



:»,<) 



Since —(k + 1) > 0, the spectrum S ( k+1 )(P a 1 ) is a suspension spectrum and so 

(G/H)+ A S k > (k + l)g - 1 > (m + l)g - 1. 
The third and fourth assertions are immediate from Corollarv l3.211 □ 

Remark 3.37. We've stated part[n]) of Proposition l3~36l in the form it is most clearly 
proved. When it comes up, it is needed as the implication that for n < 0, 

k > [(n + \)/g\ => G/H+ A S k > n. 

To relate these, write m = [(n + l)/g\, so that 

m + 1 > (n + l)/g 

and by part [n} of Proposition 13.361 

G/H+ A S k > (m + 1)5 - 1 > n. 

The following is an immediate consequence. Again, we write g = \G\. 

Theorem 3.38. Let X be a G-spectrum. The Mackey functor homotopy groups of 
P n X satisfy 

I k > n if n > 

ir k P n X = for I , , w , 1 ~ 

\k>[(n + l)/g\ ifn<0 

and the map X — > P n X induces an isomorphism 

' k < [{n + l)/g\ ifn>0 
k < n + 1 if n < 0. 



lLk X ^ Kk pnx f or 
Thus for any X , 



\vmP n X 

71 

is contractible, the map 

X -» limP"X 

n 

is a weak equivalence, and for each k 7 the map 

{lL k (X)} {2L k P n X} 

from the constant tower to the slice tower of Mackey functors is a pro-isomorphism. 

□ 

Theorem 13.381 gives the strong convergence of the slice spectral sequence, while 
Proposition 13.401 shows that the i?2-term vanishes outside of a restricted ranges 
of dimension. The situation is depicted in Figure [T] The homotopy groups of 
individual slices lie along lines of slope —1, and the groups contributing to n*P n X 
lie to the left of a line of slope —1 intersecting the [t — s)-axis at (t — s) = n. All of 
the groups outside the gray region are zero. The vanishing in the regions labeled 
1-4 correspond to the four parts of Proposition 13. 361 

Definition 3.39. The n-slice of a spectrum X is P^X. A spectrum M is an n-slice 
if M = P"M. 



The following is an immediate consequence of Theorem 13.381 
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Figure 1. The slice spectral sequence 



Corollary 3.40. If M is an n-slice then 

w k M = 

if n > and k lies outside of the region \n/gj < k < n, or if n < and k lies 
outside of the region n < k < \_(n + • D 

Proposition 13.361 also gives a relationship between the Postnikov tower and the 
slice tower. 

Corollary 3.41. If X is an (n — l)-connected G-spectrum with n > then X > n. 



Proof: The assumption on X means it is weakly equivalent to a G-CW spectrum 
having cells G/H+ A S m only in dimensions m > n. By part|I| of Proposition 13. 361 
these cells are in §> n . □ 

We single out some special cases, for convenient reference. 

Corollary 3.42. If M is a 0-slice, then vr^M = for i ^ 0. □ 

Corollary 3.43. For any Y , the Eilenberg-Mac Lane spectrum Htt_ Y and Y have 
the same 0-slice. More precisely, PqY is the (— 1) -connected cover of Y , and the 
resulting map 

P Y -> H^Y 

is a P° -equivalence. 



KERVAIRE INVARIANT ONE 



41 



Proof: It follows from Proposition 13. 131 that PqY is the (— reconnected cover of 
Y. The fiber of 

P Y -» Htt^Y 

is O-connected, hence in S >0 by Corollary 13.411 □ 

In spite of Corollary 13.431 it is not necessarily true that tt q X is isomorphic to 
KqPqX. However the situation with odd slices is different. In the slice spectral 
sequence, only the (— l)-slice can contribute to 7r_ 1; and there are no differentials 
that can enter or leave 7r_ 1 PZ{ ■ This gives 

Corollary 3.44. For any X, ~k__ x X = TL-\P-\X . If A is any Mackey functor, 
then T,~ 1 HA is a (-l)-slice. □ 

Corollary 3.45. If S is a slice cell of odd dimension d, then for any X , 

{S,X} G = {S,P*X}. 



Proof: Since the formation of P^X commutes with the functors i* H , induction 
on \G\ reduces us to the case when S is not an induced cell. So we may assume 
S = S mpa - 1 . Smashing S and X with S~ mpG , and using Corollary CUT] reduces to 
the case m = 0. But that is just Corollarv l3.44l □ 

3.5. The i?0(g)-graded slice spectral sequence. Often the most useful infor- 
mation about certain homotopy groups is not gotten directly from the slice tower, 
but from smashing the slice tower with another fixed spectrum. This is especially 
true when considering an RO (G)-graded homotopy group 

tt$X = [S v , X] G = [S°, X A S~ v }. 

Rather than work with the slice tower for X A S~ v we'll work with the slice tower 
for X. 

Definition 3.46. Let V be a virtual representation of G, of virtual dimension d. 
The slice spectral sequence for tt^+vX is the spectral sequence derived from the 
tower of fibrations 

{S- v AP n+d }. 

It has the form 

E^ t,v = Tr v+t - s P^X nv+t-sX. 

We've chosen this indexing convention in part to restore some familiar properties 
of the distribution of groups in the classical Adams spectral sequence. For example, 
suppose that V is the trivial virtual representation of dimension d. Then the slice 
spectral sequence for ttv+*X is gotten from the slice spectral sequence for X by 
simply shifting the display d units to the left. The vanishing regions shown in 
Figure [T] do not necessarily hold for the i?0(G)-graded slice spectral sequence. But 
by Corollary 13.271 they do hold as stated when V — mpc ■ In case V is trivial the 
vanishing regions are just shifted along the (t — s)-axis. 

Our indexing convention amounts roughly to thinking of the i-index as an ele- 
ment of RO(G), which enters only through its dimension when written as an index 
of a slice. The authors have found the mnemonic "V goes with t" to be a helpful 
reminder. 
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4. The complex cobordism spectrum 

From here forward we specialize to the case G = , and for convenience localize 
all spectra at the prime 2. Write 

9=\G\, 

and let 7 € G be a fixed generator. 

We now introduce our equivariant variation on the complex cobordism spectrum 
by defining 

Mt/ ((G)) = Ng 2 MU K , 

where MU^ is the C2-equivariant real bordism spectrum of Landweber [19j and Fu- 
jii [9] (and further studied by Araki p] and Hu-Kriz [16]). The norm is taken along 
the unique inclusion Ci C G. The spectrum MU^ G ^ is an equivariant E^ ring 
spectrum. For H C G the unit of the restriction-norm adjunction ( Proposition ! 2.12] ) 
gives a canonical map 

(4.1) MU« H » -» i* H MU« G ». 

It will also be convenient to have the shorthand notation 

•* ■* 

h — l c 2 

for the restriction map § G — * § c ' 2 induced by the unique inclusion C2 C G. The 
C2-equivariant E^ ring spectrum can be written as 

9/2-1 

(4.2) i\MU {{G)) = f\ -f j MU R . 

3=0 

For general purposes the notation MU" G " works quite well, but it can get a 
bit cumbersome when referring to a specific group. Therefore we'll also use the 
alternate notation 

M[ /((«-i)) 

for MU^ G ^ when G = C2«. The exponent is the 2-log of the number of factors of 
MUm being smashed together. For example the case most important to our main 
result is G = C$ which we '11 denote MU^ since 

i* C2 MU ({G&)] w MC/ R A MC/ r A MU m A MU r . 

4.1. Real bordism, real orientations and formal groups. In this section we 
begin with the case G = C2 and a review of the work work of Araki PQ and H- 
Kriz [16) on real bordism. 

4.1.1. The formal group. Consider CP™ and CP°° as pointed C2-spaces under the 
action of complex conjugation, with CP as the base point. The fixed point spaces 
are RP" and RP°°. There arc homcomorphisms 

(4.3) cp'ycp"- 1 = s np \ 

and in particular an identification CP 1 = S p2 . 

Definition 4.4 (Araki PQ). Let E be a C2-equivariant homotopy commutative ring 
spectrum. A real orientation of E is a class x £ £(?(CP°°) whose restriction to 

E^CP 1 ) = E p c \(Sn * E° C2 ( P t) 
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is a unit. A real oriented spectrum is a C2-equivariant ring spectrum E equipped 
with a real orientation. 

If (E, x) is a real oriented spectrum and / : E — * E' is an equivariant multiplica- 
tive map, then the composite 

Mx)e{E'YS 2 {CT>™) 

is a real orientation of E' . We will often not distinguish in notation between x and 
f*x. 

Example 4.5. The zero section CP°° — » MU(1) is an equivariant equivalence, and 
defines a real orientation 

x e M^ 2 (CP°°), 
making MUr into a real oriented spectrum. 

Example 4.6. From the map 

MUr -> ^MC/ ((G)) 

provided by (14. 1| . the spectrum MU^ G '^ gets a real orientation which we'll also 
denote 

x 6M[/« G " W (CP°°). 

Example 4.7. If (iJ, x^r) and c&e) are two real oriented spectra then H A E has 
two real orientations given by 

xh = %H ® 1 an d = 1 ® %e- 

The following result of Araki follows easily from the homeomorphisms (|4.3[) . 

Theorem 4.8 (Araki [I]). Lei E be a real oriented cohomology theory. There are 
isomorphisms 

E*(CP°°)^E*[[x}} 
E*{CP°° x CP 00 ) w E*\x <g> 1, 1 ® z]] 

Because of Theorem HSJ the map CP 00 x CP°° -> CP 00 classifying the tensor 
product of the two tautological line bundles defines a formal group law over tt+E. 
Using this, much of the theory relating formal groups, complex cobordism, and 
complex oriented cohomology theories works for C2-equivariant spectra, with MUr 
playing the role of MU . For information beyond the discussion below, see [T| I16j. 

The standard formulae for formal groups give elements in the i?0(C2)-graded 
homotopy groups it* 2 E of real oriented E. For example, there is a map from the 
Lazard ring to tt+ 2 E classifying the formal group law. Using Quillen's theorem to 
identify the Lazard ring with the complex cobordism ring this map can be written 
as 

MU* -> n^E. 

It sends MU% n to tt^ 2 E. When E = MUr this splits the forgetful map 
(4.9) tt^ P2 MUr -> it^MUr = 7r 2n MU, 

which is therefore surjective. A similar discussion applies to iterated smash products 
of MUr giving 
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Proposition 4.10. For every m > 0, the theory of formal groups and complex 
cobordism gives a ring homomorphism 

tci m 

(4.11) < f\ MUr n jp2 f\ MUr 

3 

splitting the forgetful map 

m m 

(4.12) n JP2 f\ MUr -h. < /\ MUr. 

3 

In particular, (|4.12p is a split surjection. □ 

It is a result of Hu-Kriz [IB] that (14. 12[) is in fact an isomorphism. This result, 
and a generalization to MU^ G ^ can be recovered from the slice spectral sequence. 
The class 

x ff effg 3 2 (CP°°;Z (2) ) 

corresponding to 1 G H^ 2 (pt,Z/ 2 under the isomorphism 

ffg(CP°°;Z (2) ) » tf£ 2 (CP 2 ;Z (2) ) « ff£ 2 (pt,Z (2) ) 

defines a real orientation of HZr 2 ) ■ As in Example 14. 7[ the classes 5 and xjy give 
two orientations of E = H'L^ A MUr. By Theorem 14.81 these are related by a 
power series 

x H = log F (x) 

j>0 

with 

This power series is the logarithm of f 1 . Similarly, the invariant differential on F 

1P2 J 



m,x l+1 , 



gives classes (n + l)m„ e tt^MUr. The coefficients of the formal sum give 

an e tt?'. MUr. 

V (l+J-l)p 2 

If (E,xe) is a real oriented spectrum then i? A Mf7 K has two orientations 

5_e = x_e <g> 1 
= 1 ® x. 

These two orientations are related by a power series 

(4.13) xr = Y,~^e 1 

defining classes 

k =bf eif;£AM[/«. 
The power series (|4.13p is an isomorphism over tt+ 2 E A MUr 

Fe — » -Fr 

of the formal group law for (E, xe) with the formal group law for (MUr, x). 
Theorem 4.14 (Araki lj). The map 

£,[61,62,...] ^f?£AMC/i 
is an isomorphism. □ 
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Araki's theorem has an evident geometric counterpart. For each j choose a map 

S 0P2 E A MU m 

representing bj. Let 

S[bj] = V ^ 

k>0 

be the free associative algebra on S^ 2 and 

S[bj] -> E A MU R 

the homotopy associative algebra map extending (|4. 35[> . Using the multiplication 
map, smash these together to form a map of spectra 

(4.15) E[b!,b 2 ...] -^Ef\MU [[G) \ 

where 

E[bi,b 2 ■■■] = E A holimS^i] A Sb 2 ] A • • • A S[b k }. 

k 

The map on RO (C2)-graded homotopy groups induced by (|4.15j) is the isomorphism 
of Araki's theorem. This proves 

Corollary 4.16. If E is a real oriented spectrum then there is a weak equivalence 

EAMU R w£[6i,&2,...]. 

□ 

Remark 4.17. If E is a (homotopy) commutative algebra then (|4.15j) is a map of 
(homotopy) associative algebras. 

For each j write 

S°[G-bj] = Ng 2 S°[S jp2 }. 
The spectrum S°[G ■ bj] is a G-equivariant associative algebra. Since 

9/2-1 

i;S°[H-6 i ]= A 

it can be thought of as an equivariant polynomial algebra on the variables J bj, 
with k = 0, . . . ,g/2 - I. Finally let 

MU {(G)) [G ■h,G-b 2 ,...]= holimil/C/ ((G)) A S°[G ■ h] A ■ ■ ■ A S°[G ■ b m ]. 

m 

Corollary 4.18. For H C G of index 2, there is an equivalence of associative 
algebras 

i* H MU {{G)) w MU {{H)) [H -bi,H- b 2 , ...]. 

Proof: Apply N^f to the decomposition of Corollary 14. 161 with E = MUr. □ 

Corollary 4.19. For any H C G there is a decomposition 

i* H MU {{G)) m MU {{H)) A (S° V W) 

where W is a wedge of isotropic, even dimensional slices cells of positive dimension. 

□ 



46 M. A. HILL, M. J. HOPKINS, AND D. C. RAVENEL 

If E is a real oriented spectrum with formal group law F E , then over n G2 E A 
MU^ G >> there is the formal group law F E of E, the formal group law F with 
coordinate x coming from 

9/2-1 

MU R -> i*ME/ ((G)) « f\ j j MU M , 
j=o 

and the formal group laws F 1 ' with coordinate j^x associated to the other inclu- 
sions M Uv — > i*Mt/(( G )). There is also a dia gram of isomorphisms 




The isomorphism b is given by 

x = b(x E ) = x E + ^S'e" 1 , 
and the others are gotten by applying j J 

7 3 i = l 3 Kx E ) = x E + ^ybjx^ 1 . 

Write 

G-bi 

for the sequence 

64,764,..., y/ 2 - 1 ^. 

Using the decomposition (|4.2[) and iterating Araki's theorem gives 
Proposition 4.20. There is an isomorphism 

n C2 E A i\M t/ ((G)) « i£*[G • 61, G • 6 2 , . . . ]. 



□ 



4.1.2. XTie unoriented cobordism ring. Passing to geometric fixed points from 

x : CP 00 -» S P2 MC7 K 

gives the canonical inclusion 

a : RP°° = MO(l) -> SMO, 

defining the MO Euler-class of the tautological line bundle. There are isomorphisms 

MO* (RP°°) w MO* 14 

MO* (RP 00 x RP°°) w MO* [[a ® 1, 1 ® a] 

and the multiplication map RP°° x RP°° — > RP°° gives a formal group law over 
MO*. By Quillen [23], it is the universal formal group law F over a ring of char- 
acteristic 2 for which F(a,a) = 0. 

The formal group can be used to give convenient generators for the unoriented 
cobordism ring. Over n*HZ/2 A MO there is a power series relating e and the 
image of the class a 

e = 1(a) = a + ^2 a n a n+1 . 
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Lemma 4.21. The composite series 

(4.22) (a + ^ a 2J _ ia 2J )~ 1 o £{a) = a + ^ fyo* 

j>0 

/las coefficients in tt*MO . The classes hj with j + 1 = 2 fe are zero. TTie remaining 
hj are polynomial generators for the unoriented cobordism ring 

(4.23) n*MO = Z/2[hj,j # 2 fc - 1]. 

Proof: The assertion that fej = for j + 1 = 2 fe is straightforward. Since the 
sequence 

(4.24) 7r*A/0 -> A MJ7 =4 tt*HZ/2 A HZ/2 A MO 

is a split equalizer, to show that the remaining hj are in 77* M J it suffices to show 
that they are equalized by the parallel maps in (|4.24|) . This works out to showing 
that the series (|4.22l) is invariant under substitutions of the form 

(4.25) e^e + ^Ue 2 "", 

The series (|4.22|) is characterized as the unique isomorphism of the formal group 
law for unoriented cobordism with the additive group, having the additional prop- 
erty that the coefficients of a 2 are zero. This condition is stable under the 
substitutions (|4.25p . The last assertion follows from Quillen's characterization of 

77* MO. □ 

Remark 4.26. Recall the real orientation x of i\MU^ G ^ of Example 14. 61 Applying 
the _RO(G)-graded cohomology norm ( 32.3.4|) to x, and then passing to geometric 
fixed points, gives a class 

$ G N(x) e MO 1 (RP°°). 

One can easily check that & G N(x) coincides with the MO Euler class a defined at 
the beginning of this section. Similarly one has 

<P G N(x H ) = e. 

Applying Q G N to logp and using the fact that it is a ring homomorphism (Propo- 
sition [235|) gives 

e = a + J2<P G N(fh k )a k+1 . 

It follows that 

$ G N(m k ) = a k . 

4.2. Refinement of homotopy groups. We begin by focusing on a simple con- 
sequence of Proposition ^. 101 

Proposition 4.27. For every m > 1, every element of 
can be refined to an equivariant map 

m 

S kp2 -> /\ MU R . 

□ 
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This result expresses an important property of the C2-spectra given by iterated 
smash products of MUr. Our goal in this section is to formulate a generalization 
to the case G = C%v, . 

Definition 4.28. Suppose X is a G-spectrum with the property that tt%X is a free 
abelian group. A refinement of tt^X is a map 

c: W^X 

in which W is a wedge of slice cells of dimension fc, with the property that the 
summands in IqW represent a basis of ir^X. A refinement of the homotopy groups 
of X (or a refinement of homotopy of X) is a map 

w = \Jw k ^x 

whose restriction to each Wk is a refinement of tt% . 

The splitting (|4. 1 1 [) used to prove Proposition 14.271 is multiplicative. This too 
has an important analogue. 

Definition 4.29. Suppose that R is an equivariant associative algebra. A mul- 
tiplicative refinement of homotopy is an associative algebra map W — > R which, 
when regarded as a map of G-spectra is a refinement of homotopy. 

Proposition 4.30. For every m > 1 there exists a multiplicative refinement of 
homotopy 

m 

]\MU^)). 

Two ingredients form the proof of Proposition ^. 301 The first, Lemma l4.31l below. 
is a description of t:"MU^ g ^ as a G-module. The computation is of interest in its 
own right, and is used elsewhere in this paper. It is proved in §4.31 The second is 
the classical description of <(A™ MU^* 1 ), m > 1, as a tt^MU^ g ^ -module. 

Lemma 4.31. There is a sequence of elements ri £ tt'^MU^ ^ with the property 
that 

n^MU« G » =Z 2 [r 1 , 7 r 1 ,...,r 2 , 7 r 2 ...], 
in which (r^ , 77", , . . . ) stands for the sequence 

(^,...72 L n ) 

of length g/2. 

For example, Lemma 14.311 asserts 

tt*MU = Z (2) [r 1 ,r 2 ,...] 

<MJ7 ((1)) = tt,MU A MU = Z (2) [n , TTi, r a> TTa, . . . ] 
4 

n u MU ((2)) = ^yy MU = Z(2) [ ri j _ _ j 7 3 ri ; r2 _ _ _ ] 

Over 7r"M [/(( G )) f\MU^ G ^\ there are two formal group laws, Ff, and Fr coming 
from the canonical orientations of the left and right factors. There is also a canonical 
isomorphism between them, which can be written as 
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As in the statement of Proposition 14. 201 write 

G-h 

for the sequence 

& l , 7 6 l ,..., 7 9/2 " 1 6 4 . 

The following result is a standard computation in complex cobordism. See for 
example [27] . 

Lemma 4.32. The ring 7r" is given by 

<MC/ ((G)) A MU {{G)) = nXMU^[G ■ b u G ■ b 2 , . . .]. 

For m > 1 , 

m m — 1 

</\M[/« G » =KMU« G »A f\ MU« G » 
is the polynomial ring 

n »MU« G »[G-b\% 

with 

j = l,...,m- 1. 

TTie element b+ is the element hi corresponding to the j th factor of MU^ G ^ in 

A m_1 Aft/ ((G)) . " □ 

We also need 

Lemma 4.33. If W is a wedge of even dimensional isotropic Ci-slices cells, then 
N G W is a wedge of even dimensional isotropic G -slice cells. 

Proof: This follows from the decomposition given by Proposition ^. Ill Resorting 
to the notation used there, suppose 

w = V Xj 

and that each Xj is an even dimensional Ci slice cell of the form 

Xj = S m ' P2 . 

Then for 4> G K = hom(G/C2, J) the spectrum 

X 4> = A X 4>(t) 

is of the form S mp2 , hence an even dimensional isotropic C2 slice cells. The spectrum 
X$ = N^ 4, is then of the form 

S mph », h+ = \H+\, 
with non-trivial since it contains C2. It then follows that 

G+ A X^ 

is an even dimensional, isotropic slice cell. □ 
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Remark 4.34. Using a generalization of Proposition [2TTT] one can show that for any 
H C G, the norm of a wedge of even dimensional (isotropic) slice cells is a wedge 
of (isotropic) slice cells. 

Proof of Proposition \l-3(\ assuming Lemma \4-31\ . To keep the notation simple 
we begin with the case m = 1. Choose a sequence r, £ jt " AfJ7« G » with the 
property described in Lemma 14.311 Let 

(4.35) h : S lp2 -^i\MU {{G) \ 

be a representative of the image of r t under the splitting (|4.11|) . Let 

s[f t ] = V sk ' lp2 

k>0 

be the free associative algebra on S lp2 and 

S[n] -» i\mu^ g)) 

the associative algebra map extending (|4.35p . Since is a commutative 

algebra these maps can be smashed together to give an associative algebra map 

S[fi,f 2 ..-] ^i\MU^\ 

where 

S[f u f 2 ...}= holirnSIn] A S[f 2 ] A • ■ ■ A S[f k ]. 

k 

Finally applying the norm and the co-unit of the restriction-norm adjunction gives 
an associative algebra map 

(4.36) S[G -fi,G -f 2 ...]-» NiXMU^ -> MU ((G)) , 
where 

S[G -f\,G-f-2 ■■■] = S[fi,jn, . . . ,7 9/2 ~ 1 ri,f 2 ,7r 2 , . . .] 

= Ng a S[f!,f2 ...]. 

By Lemma 14.331 the spectrum S^G • fi , G • f 2 . . . ] is a wedge of even isotropic G- 
slice cells. Using Lemma 14.311 one then easily checks that (|4.36p is multiplicative 
refinement of homotopy. The case m > 1 is similar, using in addition Lemma 14.321 
and the collection {ri,bi(j)}. □ 

Remark 4.37. The structure of n"MU^ G '^ and the fact that it admits a refinement 
of its homotopy groups actually determines the slice cells involved in the refinement. 
To describe them explicitly, notice that the monomials in the {7Vj} C tt^MU^ g ^ 
are permuted, up to sign, by the action of G. For instance, the G-orbit through n 
consists of the elements 

G-ri ={±ri,...,±7* -1 ri}, 

while the orbit through r\ is half as large 

G-r? = {r?,... )7 «- 1 rf}. 

We'll call the list of monomials which occur up to sign in a G-orbit a mod 2 orbit of 
monomials and indicate it with absolute value signs. For instance the mod 2 orbit 
of monomials containing b± is the set 

(4.38) \G-r 1 \ = {r 1 ,...,-yi- 1 r 1 }. 
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The slice cells refining the homotopy groups of MU^ G " correspond to the mod 
2-orbits in the monomials in {7V., }. For example the mod 2 orbit (|4.38|) is refined 
by a map from the slice cell 

G+ A S p2 . 

c 2 

The monomial r± . . . j%~ 1 rx is itself a mod 2-orbit and corresponds to the slice cell 

S PG . 

A similar remark applies to the refinement of 

m 

</\Af(7« G ». 
One important consequence of this is 

Proposition 4.39. The slices cells occurring in the refinement of ?r* /\ m MU« G » 
are isotropic. □ 

The series of examples below explicitly describe the refinement of tt™MU^ g ^ 
for G = C 8 , and * < 4. 

Example 4.40. In 7Tq we have the monomial 1, corresponding to an equivariant map 
5° -> Af?7« G ». So Wo = S°. 

Example 4.41. The group tt% consists of the single mod 2 orbit 

{a;i,7Xi,7 2 a;i,7 3 a;i} 
and so the homotopy in this dimension refines with 

W 2 = G+A S p * "{xx^xirfxirfxi}. 

Example 4.42. The group 7r%MU" G ^ has rank 14, and decomposes into the mod 
2 orbits 

{x 1 ,-fx 1 ,j 2 x 1 ,-f 3 x 1 }, {a;i7(a;i),7(xi)7 2 (xi),7 2 (a;i)7 3 (a;i),7 3 (xi)a;i}, 
{x 2 ,jX2,j 2 X2,j 3 x 2 }, {xx J 2 Xi,JXi 7 3 xi}. 

The homotopy in this dimension refines to an equivariant map W4, — > MU^ G ^ with 
W4 the wedge of 

G+ A S 2p2 ~ {xx^xxrfxxrfxx} 
C2 

G+ A S 2p2 <- {x ll (xx) 7 l(x 1 ) 1 2 (x 1 ) 7l 2 (xxh 3 (xx),l 3 (^i} 

G+ A S 2p2 ^ {x 2 , 1 x 2 , 1 2 x 2 , 1 3 x 2 } 
C2 

G+ A S p ^{x ll 2 (x 1 ), 1 (xx)j 3 (x 1 )}. 

4.3. Algebra generators for tt^MU^ g ^ . In this section we will describe con- 
venient algebra generators for n*MU^ G " . Our main results are Proposition 14.471 
(giving a criterion for a sequence of elements to "generate" n^MU^ ^ as a G- 
algebra, as in Lemma f4 . 3 1 [) and Corollary [450] (specifying a particular sequence of 
Ti). Proposition 14.471 directly gives Lemma [4.311 

We remind the reader that the notation H%X refers to the homology groups 
-ff*(igA) of the non-equivariant spectrum underlying X. 
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4.3.1. A criterion for a generating set. Let m; G H2iMU be the coefficient of the 
universal logarithm. As in Proposition 14.201 using the identification (14.21) 

9/2-1 

i\MU ([G)) = f\ "f 3 MU R 
j=o 

one has 

h:MU« g » =Z l2) tfm k ], 

where 

k = 1,2,..., 
j = 0,... ,5/2-1. 

By definition, the action of G on is given by 

(4.43) 
Let 

I H = kevH^MU {{G)) -> Z (2) 
denote the augmentation ideals, and 

Q* = I /I 2 
QH* = I H /I 2 H 

the modules of indecomposable, with Q 2m and QH 2m indicating the homogeneous 
parts of degree 2m (the odd degree parts are zero). The module QH* is the free abe- 
lian group with basis {"f J mk}, and from Milnor [23], one knows that the Hurewicz 
homomorphism gives an isomorphism 

Qlk —> QH 2 k 

if 2k is not of the form 2(2 e — 1), and an exact sequence 

(4.44) Q 2 (2*-i) ~ QH 2( v-i) -» Z/2 

in which the rightmost map is the one sending each j J mk to 1. 

Formula (|4.43(> implies that the G-module QH2k is the module induced from the 
sign representation of C 2 if k is odd and from the trivial representation if k is even. 

Lemma 4.45. Let r = ^2 ^jl 3 m k £ QH 2 k- The unique G-module map 

^(2) [G\ — > Q#2fc 

factors through a map 

^ 2) [G]/(Y/ 2 -(-l) k )^QH 2k 
which is an isomorphism if and only ifY^aj = 1 mod 2. 
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Proof: The factorization is clear, since 7 s / 2 acts with eigenvalue (— l) fc on QLLik- 
Use the unique map Z( 2 ) [G] — * QLLik sending 1 to mu to identify Qi?2fc with A = 
'^(2)[G]/('y 3 ^ 2 — (— l) fc ). The main assertion is then that an element r = Y a jl^ S A 
is a unit if and only if Y] a,- = 1 mod 2. Since A is a finitely generated free 
module over the Noetherian local ring Z(2), Nakayama's lemma implies that the 
map A — > A given by multiplication by r is an isomorphism if and only if it is after 
reduction modulo 2. So r is a unit if and only if it is after reduction modulo 2. But 
A/(2) = Z/2[j]/(-f g / 2 - 1) is a local ring with nilpotent maximal ideal (7 - 1). The 
residue map 

A/(2)-»A/(2,7-l) = Z/2 
sends Y a jl' > m k to X) a i- The result follows. □ 

Lemma 4.46. TTie G-module Q 2 ( 2 *_i) * s isomorphic to the module induced from 
the sign representation of C 2 ■ The unique G-map 

Z (2)[G] — > Qi?2(2*-1) 
1 h-> y 

factors through a map 

A-Z (2) [G]/(7 9/2 + l)^Q 2(2 ^i) 

which is an isomorphism if and only ify=(X — 7)7" where r G QH2(2 e -l) satisfies 
the condition Y a j = 1 mod 2 0/ Lemma \4-45\ 



Proof: Identify QH^^-i) with A by the map sending 1 to m 2 t-\- In this case A 
is isomorphic to Z( 2 )[C]i with £ a primitive (g/2) th root of unity, and in particular 
is an integral domain. Under this identification, the rightmost map in (|4.44p is the 
quotient of A by the principal ideal (£ — 1). Since A is an integral domain, this 
ideal is a rank 1 free module generated by any element of the form (1 — j)r with 
r G A a unit. The result follows. □ 

This discussion proves 
Proposition 4.47. Let 

{ri,r 2 ,...}c<M[/« G » 
be any sequence of elements whose image 

Sfc G QH 2 k 

has the property that for j ^ 2* — 1, Sj = ^ a^m^ with 

aj = 1 mod 2, 
and s 2 c„ 1 = (1 — 7) (Y2 a jl : ' m k) , with 

a 3 = 1 mod 2. 

T/ien i/ie sequence 

{ri,...72 n,r 2 , . . . ,72 r 2 ,...j 

generates the ideal I , and so 

Z (2) [n, • ■ ■ 7 f " V, r 2 , . . . , 7* " V 2 , ...]-» <M [/« G » 
is an isomorphism. □ 
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4.3.2. Specific generators. We now use the action of G on i* 1 MU < - ( - G)) to define 
specific elements fj 6 irf MU^ G ^ refining a sequence satisfying the condition of 
Proposition 14.471 
Write 

F(x,y) 

for the real formal group law over tt C2 MUU&\ and 

logF(x) = x + m k x k+1 

i>0 

for its logarithm. This defines elements 
We define the elements 

to be the coefficients of the universal natural isomorphism of _F with its 2-typification. 
The Hurewicz images 

are given by the power series identity 

(4.48) ffe ^ +1 = (* + X! 7(™2<-i)* 2 ') ~* o logp(x). 



Modulo decomposables this becomes 
(4.49) f k 



m k - jmk k = 2 £ - 1 

fhk otherwise. 



This proves 



Corollary 4.50. The classes r k = i$r k defined above satisfy the condition of Propo- 
sition \j47\ □ 

These are the specific generators with which we shall work. Though it does not 
appear in the notation, the classes fj depend on the group G. In fj6]and EllOl we will 
need to consider the classes f j for a group G and for a subgroup H C G. We will 
then use the notation 

f i and ¥? 

to distinguish them. 

The following result establishes an important property of these specific r k . 

Proposition 4.51. For all k 

<S> G N(f k ) =h k G TT k MO, 
where the h k are the classes defined in j j^.i.l?} In particular, the set 

{t> G N(f k ) I k ± 2 l - I } 
is a set of polynomial algebra generators ofn^MO, and for all £ 

$ G N(f 2 e_ 1 ) = h 2 t_ x = 0. 
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Proof: From Remark 14.261 we know that 

$ G Nx = a 



$ G Nx H = e 



Corollary 1 2 . 1 41 implies that 



so we also know that 



<& G N~ffh n = $ G Nfh r , 



<f> G Njm n = Or, 



Since the Hurewicz homomorphism 

vr,$ G AfC/« G )) ^*$ G (i?Z (2) AM?7« G ») 



ir*MO ■ 



■Tr*HZ/2[b]AMO 



is a monomorphism, we can calculate $ G Nr k using (|4.48|) . Applying Q G N to (|4.48[) . 
and using the fact that it is a ring homomorphism gives 

= ( a + X!(* GjV ^-i)a 2 ' ) 1 ° (« + ^2{$> G Nm k )a k+1 

= ( a +'^2 a 2 4 -i a2£ ) ° ( a + X/ a fc afe+1 ) • 

But this is the identity defining the classes hk- □ 
In addition to 

h k = <5> G N{f k ) e 7r fc $ G MJ7 ((G)) = n k MO 
there are some important classes fk attached to these specific 
Definition 4.52. Set 

fk = 4 G Nf k e n G MU^\ 
where pa — Pg ~ 1 is the reduced regular representation. 

The relationship between these classes is displayed by the following commutative 
diagram. 




■ EC 2 A MC/« G » 



4.4. The spectra R(m), K m , and K' m . Our proof of the Slice Theorem makes 
use of some auxiliary spectra which we describe in this section. 
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4.4.1. Definition of the spectra and the Reduction Theorem. Define equivariant 
Ml^C^-modules #( TO ) = Rp( m ), m = 0, 1, . . . by 

i?(0) = AI77 ((G)) 

R{m)^MU { ^/{G-f u ... 1 G-f m ). 

The homotopy groups n™R(m) form a ring, naturally identified with the quotient of 
7r"MC/(( G )) by the ideal generated by the elements of the mod 2 G-orbits through 
{n, . . . , r m }. On the other hand, the spectrum R(m) is itself not a ring spectrum 
(see Remark l7.4p . The R(m) fit into a sequence 

>R{m) R(m+1) 

whose homotopy colimit we denote 

R(oo) = holim R(m). 

We'll also need the MU^ G ^ ^-module spectra K m = K G defined by the cofibration 
sequence 

K m -> R(m- 1) -> R(m), 
and the MU^ G " -module spectra K' m = K' m G defined by the cofibration sequence 

E mpG R(m-l)^K m ^K' m , 
in which the first map is given by multiplication by Nf m . 
Lemma 4.53. The geometric fixed point spectrum 



$ G K' 



is contractible. 



Proof: By Proposition 1 2 . 341 the sequence 

T, mpG R{m - 1) R(m - 1) -» R(m) 

becomes a cofibration sequence after applying geometric fixed points. This implies 
that 

is a weak equivalence and hence that its cofiber Q G K' m is contractible. □ 

Lemma 4.54. For all m 

R(m - 1) > and K m > 2m. 

The map 

P n R{m - 1) -> P n R(m) 
is therefore an equivalence for n < 2m. 



Proof: This is most easily verified using the formula 
R(m) = R(m-l) A S°. 

S°[G-f m ] 
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The bar construction implies that R(m) is contained in the smallest subcategory of 
S G which is closed under homotopy colimits and which contains all spectra of the 
form 

k 

R(m-l)A/\S°[G-f m ], k>0. 

All of these spectra are > hence so is R(m). Let M be the S°[G ■ f m ] -module 
fiber of 

S°[G-f m }^S°. 

The G-spectrum underlying M has the homotopy type of a wedge of slice cells of 
dimensions greater than or equal to 2m. The formula 

K m fa R(m - 1) A M 

S°[G-r m ] 

implies that K m is contained in the smallest subcategory of § G which is closed 
under homotopy colimits and which contains all spectra of the form 

k 

R(m - 1) A f\ S°[G ■ f m ] A M 
with k > 0. All of these spectra are > 2m, and hence so is K m . □ 
The Thorn map 

MU i{G)) -> HZ {2) 
factors uniquely through an MU^ G ^ -module map 

R(oo) -> HZ {2) . 
The following important result will be proved in |J71 
Theorem 4.55 (The Reduction Theorem). The map 

R(oo) -> HZ (2) 

is a weak equivalence. 

The case G — C2 of the Reduction Theorem is Proposition 4.9 of Hu-Kriz[16j. 
Its analogue in motivic homotopy theory appears in unpublished work of the second 
author and Morel. 

4.4.2. Homotopy groups of R(m), K m and K' m . 

Proposition 4.56. The spectra R(m), K m and K' m admit refinements of homotopy 
groups 

W(R(m)) = \fW 2 k(R(m)) -> R(m) 

W(K m ) = \JW 2k {K m ) K m 

W{K' m )=\JW 2k (K' m )^K' m . 
These refinements are compatible in the sense that the diagrams 
(4.57) W{K m ) >-W(R(m-i)) *W(R(m)) 



R(m-1) 



R(m) 
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(4.58) 



F, mpG W(R{m - 1)) > W(K m ) >- W(K' m 



commute, the rows are cofibrations, and the top rows are split cofibrations. 



MU ((G)) 



Proof: Let 

(4.59) W = S[G-fx,G-f 2 ,... 

be the multiplicative refinement of homotopy groups given by Proposition 14.301 
using the generators fj. By Lemma [2.201 the MU^ G ^ ^-module R(m — 1) can be 
constructed as 

M£/« G » A 5°. 

S°[G-f lt ...,G-r m -i] 

Smashing (|4.59| over S°[G - fi, . . . , G • f m _i] with S° then gives a map 

(4.60) S[G-f m ,...] = W A S° -> R(m - 1) 

S[G-ri ,...G-r m -i] 



which one easily checks to be a refinement of homotopy. We define W(R(m — 1)) — » 
R(m — 1) to be the map (|4.60p . These refinements are compatible as m varies in 
the sense that the following diagram commutes 



(4.61) 



W(R(m-l)) 



W(R(m)) 



R(m - 1) R(m), 

in which the top map is the one sending G ■ f m to *. The map 

W(R(m-l)) -> W(R(m)) 
is a map of associative algebras, split by the evident algebra map 
S[G ■ f m , ...]—» S[G ■ f m —i, G ■ f m , . . .]. 

We define 

W(K m ) -> K m 

to be the induced map between the homotopy fibers of the rows of (|4.61|) . Multi- 
plication by the slice cell in W(R(m — 1)) corresponding to Nr m gives a diagram 

E m ^ G W(R(m - 1)) *- W{K m ) 

" 

Y^PoRim - 1) ^ K m . 

We define 

W(K'J -> K' m 

to be the induced map of cofibers of the two rows. The claims of the proposition 
are now easily checked. □ 
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Remark 4.62. The slice cells occurring in the refinement of R(m — 1) correspond to 
the mod 2 orbits through the monomials in the variables j J fk with k > m. From 
this it follows that none of these slice cells is free. The same is therefore true of the 
slice cells in W(K m ) and W(K' m ) since they form subsets of those in W(R(m — 1)). 
The slice cells in W(K' m ) correspond to the mod 2 orbits through the monomials 
in the variables {7 J ffc \ k > m} which are in the ideal (7-'r m ) and which are not 
divisible by Nf m . This implies that each of these slice cells is induced from a 
non-trivial proper subgroup of G, and hence that the spectrum 

W(K'J 

is itself induced from a proper subgroup of G. 

5. More on the slice filtration 

Using the spectra MU^ G ^ we now turn to a deeper study of the slice filtration 
and of slices in their own right. In this section we give criteria which enable one to 
determine the slices of equivariant spectra under favorable circumstances. 

We remind the reader that everything is now localized at 2, and that we have 
restricted to the case G — C2" ■ 

5.1. The rf-slice of a rf-cell. Our first order of business is to show that the d-slicc 
of a d-dimensional slice cell S is HZr 2 \ AS (Corollarv l5.3l below). Everything comes 

down to the special case S = S°. 

Proposition 5.1. The zero slice of S° is HZ^ 2 y 

Before starting the proof, let's verify that HZ^ is, in fact a zero slice. We prove 
something a little more general. 

Lemma 5.2. If S and T are cells, with dim 5* > dimT, then 

S G (S,HZ {2) AT) 

is contractible. 

Proof: By induction on \G\ we may assume that S and T are not induced cells. 
The table below lists the possibilities: 



s 


f 






S(ppg) 


S{qpc) 


p\G\ 


>q\G\ 




V- l S{qp G ) 


P \G\ 


-l>q\G\ 




S(qpc) 


P \G\ 


-l>q\G\ 


S(jppg) 




P \G\ 


>q\G\ - 1 



In the first two cases 

S G (S( PPG ), HZ {2) A S(qp G )) w § G (S((p - q)pa), HZ (2) ). 

is contractible, since for k > 0, the zero-skeleton of S(kpo) consists only of the 
basepoint. In the third case, we have 

§ G (E- 1 §(pp G ), HZ {2) A S(qp G )) w ^(Z-'Sdp - q)p G ),HZ {2) ). 
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If G is the trivial group, then (p — q) > 1 and the space is contractible. If G is 
non-trivial then (p — q) > 1, and S _1 S(ppa) is the suspension spectrum of a G- 
space whose zero-skeleton consists only of the base point. The fourth case is the 
loop space of the first two cases. □ 

Corollary 5.3. If S is a cell of dimension d then HZ^ A S is a d-slice. Thus the 
d-slice of S is HZ^ A S. 

Proof: By Proposition 13.131 we know that HZ^ > 0- It then follows from 
Lemma l3T28l that HZ (2) AS > d. So it suffices to show that #Z (2) AS « P d {H'L {2) A 
S). But that is the content of Lemma \57Z[ □ 

We'll also need one more computational fact. 
Lemma 5.4. The Thorn class 

(5.5) Mt/ ((G)) -> HZ (2) 
induces an isomorphism of Mackey functors 

ZoMUW) ^ n HZ {2) . 

Proof: We'll prove this by induction on g — \G\, the case of the trivial group 
being trivial. From Corollary 14. 191 for H C G there is a decomposition 

i* H MU {{G)) ra MU {{H)) A (S° V W) 

with W a wedge of slice cells of strictly positive, even dimension. Since 

it follows that tt^MU^^ — > Tt_ i* H MU^ G ^ is an isomorphism. We may therefore 

assume by induction that for H a proper subgroup of G, the map 

(5.6) n*(MU« G »)^nZ(HZ {2) ) 
is an isomorphism. We need to show that 

(5.7) n G (MU« G »)^7r G (HZ {2) ) 
is. 

The isomorphism (15 .6(1 implies that (|5-5[) induces an isomorphism on ttq after 
smashing with G/H+. Since MU" G ^ and HZ^ are (— l)-connected this implies 
that (|5.5p induces an isomorphism on tt after smashing with any X built from cells 
of the form G/H + A S m with m > and H a proper subgroup of G. This applies 
in particular to X = EC2+- 

Consider the map of long exact homotopy sequences gotten by smashing MU^ G ^ 
and HZ^ with the isotropy separation sequence 

EC2+ — ► S — > ECi- 

We know that EC 2+ A Af?7 ((G)) and EC 2+ A HZ {2) are both (-l)-connected and 
so have no negative homotopy groups. We also know by the induction hypothesis, 
as described above, that (|5.5|) induces an isomorphism on ttq after smashing with 
EC 2+ - Since <S> G MU« G » = MO, 

ir G EC 2 A MU {{G)) = ir G EC 2 A HZ {2) = 0, 
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and 

n G EC 2 A MU {{G)] = n G EC 2 A MU i{G]) = Z/2. 
The map above is an isomorphism since it is a ring homomorphism. The interesting 
portion of the long exact sequences is therefore a map of short exact sequences 

ir G 'EC 2+ A MU« G » ir G MU« G » n G EC 2 A M(7« G » 



tt G EC 2+ A HZ (2) ^ n G HZ {2) ^ ^EC 2 A HZ {2) . 

We've shown that the left and right vertical maps are isomorphisms so the claim 
follows. □ 

Proof of Proposition [5J\ Since S° > and HZ, 2 s > it suffices to show that the 
map S° — > HZ, 2 -\ is an equivalence after applying P°. We'll do this in two steps. 
First note that since MU^ G ^ is built from 5° by attaching slice cells of dim > 0, 
the inclusion of the unit S° — > MU^ G ^ induces an equivalence 

P°S° ^P°MU« G ». 
It therefore suffice to show that the Thorn map 

Af[/((G)) _> #2 (2) induces an 
equivalence after applying P . But that is a consequence of Lemma l5.4l and Corol- 
lary [333 □ 

5.2. More general slices. We now turn to criteria for determining the slices of 
other spectra. 

5.2.1. Cellular slices, isotropic and perfect spectra. 

Definition 5.8. A d-slice M is cellular if M « iTZp) A W, where W is a wedge 
of slice cells of dimension d. A cellular slice is isotropic if W can be written as a 
wedge of slice cells, none of which is free (i.e., of the form G+ AS 1 "). 

Definition 5.9. A G-spectrum X has cellular slices if P£X is cellular for all n, 
and is isotropic if its slices are isotropic. A G-spectrum X is perfect if it has cellular 
slices and has the property that P„X is contractible for n odd. Finally, we'll say 
X has cellular slices (is perfect, isotropic) below dimension k if P k X is has cellular 
slices (is perfect, isotropic). 

The problem of determining the slices P k X of a G-spectrum is handled in two 
different ways, depending on the parity of k. 

5.2.2. Even slices. There is a miraculous condition that often makes quick work 
out of the problem of determining the even slices of a G-spectrum. We call it the 
strange condition, for lack of a better name. The condition applies to any homotopy 
group ir 2k X admitting an equivariant refinement in the sense of Definition 14. 281 and 
leads to the following result. 

Theorem 5.10. Suppose that X is a G-spectrum and that W — > X is a refinement 
of n 2k X . Then the canonical map 

HZ (2) A W PltX 

is an equivalence. 
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The proof of Thcorcm l5.10l is given below, as well as an explication of the "canon- 
ical map" in its statement. The theorem asserts that if a spectrum admits a refine- 
ment of its homotopy groups, then the even slices are the "obvious" ones, given by 
the refinement. 

Corollary 5.11. Suppose that f : X — > Y is a map of perfect spectra, and that X 
admits a refinement of its homotopy groups. If tt* f is an isomorphism then f is a 
weak equivalence. 



Proof: It suffices to show that for each n, that P^X — > P"Y is a weak equiva- 
lence. If n is odd, both sides are contractible by assumption. The case when n is 
even follows from Theorem 15.101 □ 

Remark 5.12. Using the slice spectral sequence one can easily show that a perfect 
spectrum always admits a refinement of homotopy groups. So that condition on X 
in Corollary 15. 1 II is actually superfluous. 

We now turn to some material needed for the proof of Theorem l5.10l In addition 
to the regular representation pa of G, we will need the sign representation a = o~g 
associated to the unique non-trivial homomorphism G — > Z/2 = O(l). 

Definition 5.13. Let d be an even integer. A G-spectrum M which is a <i-slice 
satisfies the strange condition (for G) if d is not divisible by g, or if d = kg and 

We'll say that a G-spectrum M satisfies the strange condition for H C G if i* H M 
satisfies the strange condition for H . 

Example 5.14. If S is a slice cell, then HZ, 2 ) AS 1 satisfies the strange condition. To 
see this, first use the isomorphism 

^k PG +2a-iHZ (2) AS = ng^HZw A S- kpG A S 

and the fact that S~ kpa A S is a slice cell (Lemma I3.25[) to reduce to the case 
dim S = 0. IfS= G/H+ and H ^ G, then 

7r£_i#Z(2) A5 = 7rfifZ (2) =0. 

It remains to check that 

ng_ 1 HZ {2) =H 1 G (S 2a -Z {2) )=0 
which is easily done, using the methods described in £12.61 

Example 5.15. One can check by explicit computation that the spectrum M = 
HEl(2) ^ S 2 ~ 2a is a 0-slice which does not satisfy the strange condition. 

The real work behind Theorem 15.101 is 

Proposition 5.16. let H C G be a subgroup. Suppose that M and M' are two 

k-slices and f : M — > M' is a G-equivariant map with the property that i* H f is 
an H -equivalence. If for all H c H' C G the spectrum M satisfies the strange 
condition for H' then f is an equivalence. 
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In Proposition 15.161 think of M as a guess for what the even slice of a spectrum 
X might be, and of M' as the actual slice. The force of the proposition is that it 
enables one to determine an even slice, under favorable conditions, entirely in terms 
of a guess for it. Before turning to the proof, we state an important consequence 

Proof of Theorem \5.10\ assuming Prop. \5.1(k Since W > 2k, applying the 
functor P2k to W — » X gives a factorization 

W -» P 2k X -» X. 

Applying P 2k and using Corollary 15.31 then gives 

(5.17) HZ {2) A W - PffX. 

This is the "canonical map" in the statement of the theorem. By Example 15.141 
the spectrum HZ( 2 \ A W satisfies the strange condition for all H' C G. Since 

W -> A is a refinement of tt^j, , and the non-equivariant tower underlying the slice 
tower is the Postnikov tower (Proposition 13.23]) . the map (|5. 1T[) is a equivalence of 
underlying spectra. Applying Proposition 15 . 1 61 with H = {0} then gives that ()5.17|) 
is an equivalence. □ 



Proof of Proposition \5.16[ We reduce immediately to the case in which H C G 
has index 2, and M satisfies the strange condition for G. By Proposition 13.161 it 
suffices to show that 

(5.18) [S,Mf^ [S,M'f 

is an isomorphism whenever S is a slice cell of dimension > k. If dim 5* > k 
then both sides are zero since M and M' are fe-slices. If k ^ mod g then S is an 
induced cell, and the map is a bijection by assumption. If k is divisible by g we may 
smash with S- {k/a)pa and assume k — 0. Again, if S is induced, the map ()5.18|) is 
an isomorphism by assumption. So we're down to showing that that 

is an isomorphism. For this, map the cofiber sequence 

S{2a)+ -> S° -» S' 2 ' 7 
into M and M', resulting in a diagram 

7r 2 G CT Af 71 qM [S(2a)+, M] G *g-iM 



ngM' ttq M' [S(2a) + ,AP] G ng^M'. 

in which the rows are exact. The column labeled an isomorphism is so because 
S(2a)+ is built entirely from induced G-cells. By Lemma T5. 191 below, the leftmost 
terms are zero. By the strange assumption, the upper rightmost term is zero. This 
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implies that the middle arrow in the top row is an isomorphism, and diagram is in 
fact as shown below: 

^ tt M — ^ [S(2a) + ,M] 



^ 7T M' ^ [S(2a)+, M'] TT 2 a-lM'. 

The result follows. □ 

We have used 
Lemma 5.19. If M is a 0-slice, then tt^o-M = 0. 

Proof: First note that the restriction map 

[52( PG -i) jM ]G [ S 2^ M f 

is an isomorphism. Indeed, if G = C2, then S 2a — S 2I - PG ~ 1 \ Otherwise, the 
spectrum S 2 ^ ^ is built from S 2a by attaching G-cells of the form G/K+ A S m 
with m > 3, and the claim follows from Corollarv l3.421 But 

S 2(p G -l) = jy-lgpo A gpo-l > g _ 1 > 0j 

and so 

[S 2{pG ~ l \M] G = 0. 

□ 

5.2.3. Odd slices. The above results place the even slices of an equivariant spectrum 
X under control. The odd slices are something of a different story, and getting at 
them requires some knowledge of the equivariant homotopy theory of X . Note that 
by Corollarv l3.44l anv Mackey functor can occur in an odd slice. On the other hand, 
only special ones can occur in even slices. 

The situation most of interest to us in this paper is when the odd slices are 
contractible. Proposition 15 . 201 below gives useful criterion. 

Proposition 5.20. For a G spectrum X and an odd integer d, the following are 
equivalent 

i) The d-slice of X is contractible; 

ii) For every slice cell S of dimension d, [S, X] = 0. 

Proof: By Corollary |3.451 there is an isomorphism 

[S,X} G = {S,P*X]. 

The result then follows from Proposition l3.16l □ 

Corollary 5.21. IfX—*Y—>Zisa cofibration sequence and the odd slices of X 
and Z are contractible below dimension d, then the odd slices of Y are contractible 
below dimension d. 
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Proof: This is immediate from Proposition 15.201 and the long exact sequence of 
homotopy classes of maps. □ 

The next result has a very technical statement. It is more or less tailor made to 
apply to the spectra K' m . 

Proposition 5.22. Suppose that K is a G-spectrum with the following proper- 
ties 

i) For every proper H C G, the odd slices of i* H K are contractible. 

ii) The even slices of K are induced from a proper subgroup: P^K = G+ A M. 

iii) The geometric fixed point spectrum <6 * K is contractible. 

Then the odd slices of K are contractible. If the even slices of K are cellular, then 
K is perfect. 

Proof: The condition on geometric fixed points is equivalent to the requirement 
that EC2 A K be contractible. Now consider the spectrum EC2 A P$K. If d is 
even this is contractible, by assumption [I]} . If d is odd, then EC2 + A P$K is 
contractible, by assumption [I]) and so PfK — > EC2 A PfK is an equivalence. This 
gives a decreasing filtration of EC2 A K whose associated graded is a wedge of PfK 
with d odd. Proposition ^ . 241 then implies that this is the slice filtration of EC2 A K. 
But EC2 A if is contractible, and hence so are its slices. This implies that P§ K is 
contractible for d odd. □ 

5.3. Further multiplicative properties of the slice filtration. In this section 
we show that the filtration has the expected multiplicative properties for perfect 
spectra. Our main result is Proposition 15.231 below. It has the consequence that if 
X and Y are perfect spectra, and Ep t ( — ) is the slice spectral sequence, then there 
is a map of spectral sequences 

E s r '\X) $ (Y) -» E s r +S ' > t+t ' (X A Y) 

representing the pairing n^X A tt^Y — ► 7r t (X AY"). In other words, multiplication 
in the slice spectral sequence of perfect spectra behaves in the expected manner. 
We leave the deduction of this property from Proposition 15 . 231 to the reader. 

Proposition 5.23. If X > n is perfect and Y >m has cellular slices, then X A Y > 
n + m. 

Proof: We need to show that p n + m - l [X A Y) is contractible. By Lemma [3~33l 
the map 

X A Y -> P n+m-l x A pn+m-ly 

is a P" +m_1 -equivalence, so we may reduce to the case in which the slice filtrations 
of X and Y are finite. That case in turn reduces to the situation in which 

X = HZ {2) A S 

Y = HZ, 2) A S' 



G6 



M. A. HILL, M. J. HOPKINS, AND D. C. RAVENEL 



where S is an even dimensional slice cell and S" is any slice cell. By induction on 
g the assertion further reduces to the case in which neither S nor S' is induced. 
Thus we may assume 

X = HZ {2) A S kpG 

Y = HZ {2) AS epG or HZ {2) A ^ S epG 
in which case the result follows from Corollary 13. 291 □ 

6. Slice Theorem I: the induction 

In the language of i )5.2.1l the Slice Theorem asserts that MU^ G ^ is isotropic and 
perfect. That, and a little more, is the content of 

Theorem 6.1 (Slice Theorem). The spectra MU {{G)) , R G {m), K G , and K' m G are 

isotropic perfect spectra. 

We remind the reader that the spectra R (m) are defined by 
R G (0) = MU {{G)) 

R G (m) = MU« G)) /(G ■ rx, . . . , G ■ f m ), 
and that K G and K' m G are defined by the cofibration sequences 

K G -> R G (m - 1) -» R G {m) 

^R G {m-l)^Kg^K'^ G . 

Here is the idea of the proof of the Slice Theorem. Imagine one could construct 
a filtration of MU^ G " by powers of the ideal / = (G • fi, . . . ). Then the associated 
graded spectrum of MU^ G '' by powers of this ideal would be 

R G (oo)[G-f !,...]. 

By the Reduction Theorem, R G (oo) = HZ, 2 \, so the above can be rewritten 

HZ (2) [G-f ,,...]. 

But this expression is exactly what is claimed to the wedge of the slices of MU^ G '\ 
It is not difficult to go from the decomposition just described to the Slice Theorem. 
Among other things, this makes clear the important role played by the Reduction 
Theorem. 

The proof of Theorem 16.11 is by induction on g = \G\ and will be completed in 
53 When G is trivial the result is classical, so the induction starts. The purpose of 
this section is to derive several consequences of the induction hypothesis. So until 
the end of ^Hlwe will assume that G is a non-trivial group, and that Theorem 16.11 
has been proved for all proper H C G. 

The following consequences of this hypothesis will be established in this section. 

Proposition 6.2. Suppose H C G has index 2. If Theorem \6.1\ holds for H then 
the spectra i^MU^ G ^ and i* H R G (m) are isotropic perfect spectra. 

Proposition 6.3. Under the hypotheses of Proposition \6.2\ i*tfK G and i* H K' m G 
are isotropic perfect spectra. 

Proposition 6.4. Under hypotheses of Proposition 1 6. 21 there is an equivalence 
i* H R G (oo) pa R H (oo). 
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In [J7] the Reduction Theorem for G will be proved assuming the induction hy- 
pothesis. Using this, the induction step is completed in |J8] and Theorem 16.11 is 
proved. 

Before turning to the proof of the four propositions above we need to establish 
that certain polynomial extensions of MU^ are weakly commutative f ^2.3.7|) . 

6.1. Weak commutativity of special polynomial extensions. 
Lemma 6.5. For i > 0, the spectrum 

MU R [S lp2 ] 

is weakly commutative. 
Proof: Write 

■k+MUr A MUr = MU R 4b 1: . . .} 
and for each j > choose a map 

(6.6) S ]P2 -» MU M A MUr 

representing bj. As described above, this gives an algebra map 

MU R [h,h, ■■ •] -» MU R A MUr 

which is a weak equivalence since, by construction it induces an isomorphism on 
77*. Using the maps S^ p2 — > * for j ' ^ i defines a map 



6 2 ,...] -+MU R [bi], 
splitting the evident inclusion. This exhibits 

MU R [S tp2 ] = MU R [n] 
as an algebra retract of MUr A MU R . □ 

Corollary 6.7. If R is a commutative MUr- algebra then every polynomial exten- 
sion of the form 

R[x 1} ...], Xi<-+S ktP2 , h>0 

is weakly commutative. □ 

By taking norms one gets 

Corollary 6.8. If R is a commutative MUW?> -algebra then every polynomial ex- 
tension of the form 

i?[G •£!,...], Xi^S k > p2 , ki>0 
is weakly commutative. □ 
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6.2. Proofs of Propositions [6721 and T6.41 We begin with Proposition 16.21 For 
convenience, recall the statement. 



Proposition. Suppose H C G has index 2. // Theorem \6.1\ holds {or H then the 
spectra i* H MU^ G ^ and i* H R G {m) are isotropic perfect spectra. 

The case of Mt/« G » is an easy consequence of Corollary 14.181 As a reminder, 
one starts with the C2-equivariant equivalence 

MU u [h, b 2 , ...]-» MU R A MU R 

and applies the norm up to H to get an equivalence 

i* H MU {{G)) rj MU {(H)) [H ■ b u H ■ b 2 , ...}. 

This shows that i* H MU^°^ is a wedge of smash products of even dimensional 

isotropic slice cells with MU^ H >' , and hence an isotropic perfect spectrum since 
M{/((ff)) i s . 

For the remaining assertion we need to compare the spectra i* H R (m) and 
R H {m) 1 and for that we need to relate the classes rf and the rf . The map (|4.ip 

Mtf«*» -> i* H MU« G » 

induces an embedding 

and so there is a formula expressing rf in terms of elements in 7r" MC/ ((G)) . We 
need to know a little about it. Let rf m and r G TO stand for the sequences 



respectively. 
Lemma 6.9. In 

there is an identity 



r ii ■ ■ ■ > r m an d r f, ■ ■ ■ 7 r m 



Z (2) [ff.r G m ,ff. 7 r G J=<Aft/« G » 



,H 



rf + 7r G mod I 2 i = 2 k - 1 
r G mod I 2 otherwise 



where I is the ideal generated by the r^ and 77*4 . 

Proof: The formula is in pure algebra and since the ring in question is torsion free 
we can invert 2 and make use of the log. The result is then a simple consequence 
of (f4749|) . □ 

Corollary 6.10. For every m, the map 

Z (a) [H ■ rf m , H ■ 7 rf J - Z (2) [H ■ rg m , H • 7 r G „J 
is an isomorphism. □ 

We now realize the above by a map of 7J-equivariant associative algebras. Let 
R = i* H MU^ G ^ . For each i define a C2-equivariant associative algebra map 

(6.11) S°[ff] - i\R[H ■ ff m , H ■ 7 f G J 

using the map 

^tlR[H-f G m ,H^f G m ] 
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representing the element 

ff G Z (2) [ff ■ f% n ,H ■ 7 ff m ] C tt^R[H ■ f% n ,H ■ Tff J 

From Corollarv l6.8l i?[ff • f < m , -ff • 7 *< m ] is weakly commutative. We can therefore 
smash these maps (|6.1ip together for i = 1, . . . , m and apply the norm to form an 
ff-equivariant algebra map 

R\H ■ rf m) ff • 7ff m ] -> ff[ff • rg m) ff • 7 ff m ]. 

Proposition 6.12. For each m the map 

R[H ■ rf TO , ff • 7 ff m ] -> ' rf m , # ' 7*f J- 
is a weafc equivalence. 

Proof: The Slice Theorem for ff shows that both spectra are perfect. Both spec- 
tra admit refinements of homotopy (Proposition I4.30[) , and the map is an equiva- 
lence of underlying non-equivariant spectra by Corollarv l6.10l The map is therefore 
an equivalence of equivariant spectra by Corollary [57TTJ □ 

The assertion about i* H R G (m) in Proposition 16.21 is an immediate consequence 
of the next result. 

Proposition 6.13. Suppose ff C G has index 2. There is an equivalence of 
MU {{H)) -modules 

t * H R G (m) « R H (m) A S[H ■ lC +1 ,H ■ 7 f£ +2 , ...]. 

Under this equivalence, the map 

i* H R G (m) -» i* H R G (m + 1) 

corresponds to the smash product of the map R H (m) -> R H (m + 1) with the map 

S[H ■ Jfg+^H ■ 7 f£ +2 , . . . ] -» S[H ■ 7 C +2 , . . . ] 

sending ff • jf% +1 to *. 



A = i* H MU {{G)) 



Proof: To simplify the notation write 

The spectrum i* H R (m) can be identified with 

i* H R G (m) = 

where f and 7 f stand for the sequences 



rY,...,r G and 7 rf,..., 7 r^ 
respectively. The spectrum 

R H (m)AS[H -jrg +1 ,H -7^+2, 

is given by 

AAA 

A[r',7r] 

where in which f' stands for the sequence 

'l 1 ■ ■ ■' m- 
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The result is proved in this case if we can find an i!/-equivariant associative algebra 
equivalence 

A[H ■ f',H ■ jr] — > A[H -f,H- jf] 
fitting into a diagram of equivariant associative algebras 

A ■* A[H -f',H- jf] A 



A * A[H f,H- jf] ^ A 

in which the left arrows are maps sending the variables ff, rf and jff to the classes 
in Tx* A corresponding to their names, and the right maps are the ones sending them 
to 0. But that is exactly the content of Corollary 16. 121 □ 

Proposition 16.41 is an immediate consequence of Proposition 16.131 By way of 
reminder, here is the statement. 

Proposition. For H C G, there is an equivalence 

holim i* H R G (m) = lim R H (m) 

m m 

□ 

6.3. Proof of Proposition [6731 For convenience, we recall the statement. 

Proposition. Under the hypotheses of Proposition \6.2l i* H K G and i* H K' m G are 
isotropic perfect spectra. 

By Proposition ^. 56l and Remark [4.62l the spectra K~* and K' m G admit isotropic 
refinements of homotopy. The even slices are therefore cellular and isotropic by 
Theorem l5.10l What is to check then is that the induction hypothesis implies that 
the odd slices of i* H K^ and i* H K' m G are contractible. 

We start with i* H K^. From Proposition 16 . 1 31 the map 

i* H R G {m-l) -^i* H R G {m) 

can be factored as 

R H (m - 1)[H ■ jrg, .. .] - R H (m - 1)[H ■ jrg +1) . . .] 

-^R H (m)[H. 7 rg +1 ,...}. 

This places i^K G in a cofibration 
with Y the fiber of 

(6.14) R H (m - 1)[H ■ jrg, ...]-» R H (m -1)[H- 7 rg +1 , . . .]. 

The spectrum 

has no odd slices by the induction hypothesis. Since (|6.14|) is the projection to a 
wedge summand, the spectrum Y is a retract of 

R H (m-l)[H- ir g,...}, 

which also has no odd slices by the induction hypothesis. It follows that i* H K^ has 
no odd slices (Proposition l5.21[) . 
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For the spectrum K' m G , note that the map 



i* H W°R G {m-l)^K G 



factors through a map 

(6.15) i* H H PG R G {m- 1) -> Y 

which is the inclusion of a wedge summand. It follows that there is a cofibration 
sequence 

where Y' is the cofiber of (|6.15|) . Since Y' is a retract of Y it has no odd slices. As 
above, it then follows from Proposition 15.211 that i* H K' G has no odd slices. 

7. The Reduction Theorem 

We now turn to the proof of the main technical result of this paper. For conve- 
nience we repeat the statement. 

Theorem (The Reduction Theorem). The map 

R(oo) -> HZ {2) 

is a weak equivalence. 

The proof proceeds by induction on g = \G\, the case in which G is the trivial 
group being classical. Because of the equivalence 

holim i* H R G (m) = holim R H (m), 



given by Proposition 16. 4\ and the obvious fact that i* H H Z( 2 ) = HZ^) , we may 
assume that for a proper subgroup H C G the map 

^i? G (co) -> HZ {2) 

is a weak equivalence. 

For the induction step we smash the map in question with the isotropy separation 
sequence (|2.27j) 

EC 2+ A R(oo) R(oo) EC 2 A R(oo) 
S 

EC 2+ A HZ {2) — HZ {2) EC 2 A HZ {2) . 

By the induction hypothesis, the map / is an equivalence. It therefore suffices to 
show that the map h is, and that, as discussed in Remark 12.281 is equivalent to 
showing that 

(7.1) 7rf h : 7r„$ G J R(oo) -> 7r*$ G iyZ (2) 

is an isomorphism. 

We first show that the two groups are abstractly isomorphic. 

Proposition 7.2. The ring 7r*$ G HZ^ is given by 

7T*$ G #Z (2) = Z/2[6], 

with 

b = u 2a a- 2 e ir 2 $ G HZ (2) C a^ X 7rf HZ (2) . 
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The groups 7r*$ G i?(oo) are given by 
ir n $ G R(oo) = 



Z/2 n > even 
otherwise. 



Proof: The first assertion is a restatement of Proposition 12.421 For the second 
assertion, start with the the equivalence (given by Lemma EH} 

i?(m) = i?(m - 1) A MU {{G)) /(G-r- m ) 

A/t/<< G » 

and apply geometric fixed points to get 

$ G i?(m) = <5> G R( m - 1) A <5> G MU i{G)) /(G ■ r„). 

By Proposition 1 2 . 341 there is a cofibration sequence 

E m MO MO -» $ G MC/ ((G)) /(G • r^), 
and therefore a cofibration sequence of AfO-modules 

£ m $ G i?(m - 1) $ G i?(m - 1) -> $ G i?(m). 
By Proposition ^. 511 have 

' /ij i ^ 2 fe - 1 



$ G r., ; 



i = 2 fc - 1. 



From this it is an easy matter to compute the groups 7r*$ R(m) inductively, start- 
ing with 

7r,$ G i?(0) = irMO = Z/2[hi,ij£ 2 k - 1]. 
The outcome is as asserted. □ 

Before going further we record a simple consequence of the above discussion 
which will be used in §10.11 

Proposition 7.3. The map 

tt,$ g MC/ ((g)) = tt*MO -> ir*<f> G HZ i2) 

is zero for * > 0. □ 

Remark 7.4. Once we know that the map (|7.ip is an isomorphism it will follow that 
the spectra R(m) cannot be ring spectra. Indeed in any ring structure the Thorn 
map R{m) — > HZ, 2 ) would be multiplicative, and hence 

n*<P G R(m) -> 7T*$ G #Z (2) 

would be a ring homomorphism. But the image contains the element b and only 
finitely many other powers, so it is not a subring. 



A simple multiplicative property reduces the problem of showing that that (J7JJ) 
is an isomorphism to showing that it is surjective in dimensions which are a power 
of 2. 

Lemma 7.5. If for every k > 1, the class b 2 is in the image of 
(7.6) TT 2k $ G MU {(G)) /(G ■ f 2 *_i) ^Tr 2k <P G HZ (2) , 

then H7.ll) is surjective, hence an isomorphism. 
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Proof: By writing 

mu «g» 

R(oo)= f\ MU^/{G-fi) 

i 

in which the smash product is taken in the category of left MU^ G ^ -modules, we 
see that if for every k > 1, b 2 is in the image of (|7.6[) . then all products of the 
b 2 are in the image of 

(7.7) 7T*$ G #(oo) -> n^ G HZ {2) . 

Hence every power of b is in the image of (|7.7p . □ 

In view of Lemma 17.51 the Reduction Theorem follows from 
Proposition 7.8. For every k > 1, the class b 2 is in the image of 
n 2k <P G MU i( - G)) /(G ■ r 2 *_i) -> Tr 2k <P G HZ (2) . 
To simplify some of the notation, write 

c k = 2 fc - 1. 

We start with the class 

Nf Ck tn G kPG MU« G ». 
By Proposition ^. 511 its image in ir Ck MO is zero. Its image in 

ng pG EC 2 AMU« G » 
is then also zero since by Remark 12.291 restriction along the fixed point inclusion 

S c k c S c kPG 

is an isomorphism 

7T G kPG EC 2 A MC/« G » » 7r G k EC 2 A M(7« G », 

and 

7T G £C 2 A MU {{G)) W 7T Cfc $ G M[/ ((G)) W 7T Cfc MO. 

There is therefore a class 

y fc e< PG £C 2+ AM(7« G ». 
lifting iVf Cfc . The key computation, from which everything follows is 
Proposition 7.9. The image under 

n° PG EC 2+ A A/t/« G » - < PG £C 2+ A iTZ (2) , 
o/ any choice of y k above, is non-zero. 

Proof of Proposition \7.8\ assuming Proposition \ 7. 9[ Write 

M k = MU« G »/(G-f Ch ) 



74 M. A. HILL, M. J. HOPKINS, AND D. C. RAVENEL 

and consider the following diagram 

EC 2+ A M J7« G » M U« G » ■*■ EC 2 A MC/« G » 



EC 2+ A M k 



EC 2+ A HZ, 



(2) 



EC 2 A M k 



• EC 2 A HZ {2) 



By construction the image of yk in Tr G kf>G EC 2+ A maps to zero in ■n G kPQ Mk- It 
therefore comes from a class 

Vke^ kPG+1 EC 2 /\M k . 

The image of i/fe in n G kPG+1 EC 2 A HZ^ 2 ) is non-zero since it has a non-zero image 
in 

by Proposition 17.91 Now consider the commutative square below, in which the 
horizontal maps are the isomorphisms fRemark l2.29p given by restriction along the 
fixed point inclusion S 2 ^ C S CkPG+1 



ir%EC 2 AM k 



k% pg +iEC 2 A HZ (2) 7r^EC 2 A HZ (2) . 

The group on the bottom right is cyclic of order 2, generated by b 2 . We've just 
shown that the image of yk under the left vertical map is non-zero. It follows that 
the right vertical map is non-zero and hence that b 2 is in its image. □ 

The remainder of this section is devoted to the proof of Proposition 17.91 

The advantage of Proposition 17.91 is that it entirely involves G-spectra which 

have been smashed with EC 2+ , and which therefore fall under the jurisdiction of 

the inductive hypothesis. In particular, the map 

(7.10) EC 2+ A MU {(G)) -> EC 2+ A HZ {2) 

can be studied by smashing the slice tower of MJj(( G )) with EC 2+ . For reasons 
that will become clear later it will be more convenient to factor (|7.10p as 

EC 2+ A MU ({G)) -► EC 2+ A R(c k - 1) -> EC 2+ A HZ (2) 

and track what happens to yk under 

< P o EC i+ A " !) "> < P c EC *+ A ™(2) 
by studying the smash product of the slice tower for R(ck — 1) with EC 2+ . Because 
of the induction hypothesis, we know that the odd terms 

EC 2+ APi£lR(c k -l) 

are contractible and that the even terms are given by 

EC 2+ A P 2 nR(c k - 1) w EC 2+ A HZ A W, 
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where W — > R(c k — 1) is a refinement of ir 2n R(c k ~ 1). (We know this for the even 
terms before smashing with EC 2 + by Proposition 15.101 ^) 
The spectral sequence takes the form 

E s / = ng pa+t _ s EC 2+ A PgffiRick - 1) => 7rg pB+t _ s EC 2+ A R(c k - 1). 

Note that it converges strongly. The fact that smashing commutes with homotopy 
colimits implies 

lim 7if£C 2+ A P m R{c k - 1) = 0. 

m — > — 00 

Proposition l3 . 361 and the fact that EC 2 + AP m R(c k — 1) > m imply that for a fixed 
index 7k-, 

tt? £C 2 + A P m R{c k - 1) = 0, for m > 0. 
The "edge homomorphism" (projection to t = —c k g) represents the the map we 
wish to determine 

kI pg+ «EC 2+ A R{c k - 1) - n° pG+ *EC 2+ A HZ (2) . 

There isn't much that can contribute to 

< PG EC 2+ AR(c k -l). 

Since H acts trivially on EC^^, for an induced slice cell S = G A S f one has 

H 

ng PG EC 2+ A HZ {2) AS = ^ kPG HZ {2) A S' 

and the summands of the slices of this form contribute only to the restricted range 
of dimensions described in Theorem l3.38l In particular, the only ones contributing 
to Trf kPG R(ck — 1) are the ones occurring in Pc k gR{c k — 1). A simple inspection of 

*c kPG+ *EC 2+ A HZ {2) A S mc *"° m > 

shows that the only non-induced terms which contribute to wf n „ are 

J c kPG 

ng pa EC 2+ AHZ (2) , 

coming from P^R^Ck — 1), and 

ng pG EC 2+ AHZ i2) AS c ^, 

coming from the summand of P££-jR(ck — 1) representing Nf Ck . 

The spectral sequence is depicted in Figure [21 The edge homomorphism is the 
projection map to the row of dots lying along the line of slope —1, and meeting 
the (t — s)-axis at (t — s) = —c k g. Each dot represents a group Z/2, and the boxes 
represents copies of the group Z( 2 ). The refinement of TT^ kg R(c k — 1) has the form 

S c kPG v w ^ R ( Ck _ X ) 

in which W is a wedge of induced slice cells of dimension c k g, and the map 

S C » PG -» R{c k - 1) 

is Nf Ck . The chart in position (0, 0) has one box generated by Nf Ck and one box 
for each of the slice cells constituting W, altogether representing the group 

^ kPG EC 2+ AHZ {2] (S^VW). 

From the i? 2 -term of the spectral sequence, as displayed in Figure one reads 

off 
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Figure 2. The spectral sequence for 

7rg pG+t _ s EC 2+ AR(c k -l) 



Corollary 7.11. The map 

n° pa EC 2+ A P Ckg R(c k - 1) - ng pa EC 2+ A P^R(c k - 1) 
is an isomorphism. There is a short exact sequence 

ng PG EC 2+ A P Ckg R(c k - 1) < PG EC 2+ A R(c k - 1) 



ng pa EC 2+ A ffZ (2) = Z/2. 

□ 

This analysis shows that the map of Proposition [72] is surjective, and it gives a 
description of the kernel. Corollary 17.111 converts the problem of showing that y k 
has non-zero image in TT^ kf>G EC 2 + A HZr 2 s to showing that it is not in the image of 

ng pa P^R(c k -l). 

To get control over this we need to find a property of the image of 7r^ pG EC 2 + A 
P Ck gR{c k — 1) that is not shared by y k . 

Proposition 7.12. The image of 

7rg pa EC 2+ A P Ck9 R(c k - 1) -» ng pG R(c k - 1) ^ rr" g R(c k - 1) 
is contained in the image of (1 — 7). 

The class y k does not have the property described in Proposition [7TT2] Its image 
in ir™ kg R(c k — 1) is iQNf Ck which generates a sign representation of G occurring as 
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a summand of n^ kg R(c k — 1). Thus once Proposition ET2] is proved the proof of the 
Reduction Theorem is complete. 

The proof of Proposition 17. 121 is in two steps. First it is shown (Corollarv l7.15|) 
that the image of 

*l PG EC 2+ A P Ckg R(c k - 1) -» 7rg pc R(c k - 1) 
is contained in the image of the transfer map 

- 1) -» <^^(Cfc - 1) 

from the subgroup H C G of index 2. We then show (Lemma l7.16[) that the image 
of the transfer map in TT^ kg R(c k — 1) is in the image of (1 — 7). 
We now turn to these steps. 

Lemma 7.13. Let M > be a G-spectrum. The image of 

KqEC 2+ AM-» 7if m 

is the image of the transfer map 

tVqM -> ttq M 
where H C G is the subgroup of index 2. 

Proof: Since M is (— l)-connected (Proposition 13.13")) the cell decomposition of 
EC 2+ implies that ttqC 2+ A M — * ttqEC 2+ A M is surjective. The composite 

ttqC 2+ A M -» tt§EC 2+ A M -v ttqM 
is the transfer. □ 

Corollary 7.14. The image of 

Trg PG EC 2+ A P Ckg R(c k - 1) -> < PG P Cfc9J R(c fe - 1) 
is contained in the image of the transfer map. 

Proof: This follows from Lemma T7. 131 above, after the identification 

< PG Pc k9 R(c k - 1) « 7r G S- c ^ G A F Cfc3 i?(c fe - 1) 
and the observation that 

s -c kPG A p cfcgi? ( Cfc _ 1) ra p (5" c ^ G A fl(c fc - 1)) 
is > 0. □ 

Corollary 7.15. 27ie image of 

«s contained in the image of the transfer map. 

Proof: Immediate from Corollary 17. 141 and the naturality of the transfer. □ 

The next result is quite general. We are interested in the case X = P Ckg R(c k — l), 
V = c k p G . 
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Lemma 7.16. Let X be a G-spectrum, V a virtual representation of G of virtual 
dimension d, and H C G the subgroup of index 2. Write e £ {±1} for the degree of 

7 : t* S v - i* S v . 

The image of 

is contained in the image of 



Proof: Consider the diagram 

7r y(C2+ A X) ^1T$X 



v u d {C 2+ AX) **%X, 

in which the map of the top row is induced by the projection C2+ — ► S . By the 
Wirthmiiller isomorphism, the term in the upper left is isomorphic to TtyX and the 
map of the top row can be identified with the transfer map. The non-equivariant 
identification 

C 2+ pa 5° V S° 

gives an isomorphism of groups non-equivariant stable maps 

[C 2 + A S V ,X] « [S v , X] © [S V ,X], 
and so an isomorphism of the group in the lower left hand corner with 

ir^X © ir^X 
under which the generator 7 £ G acts as 

(a,b) i-> (£76,670). 

The map along the bottom is (a, b) 1— » a + b. Now the image of the left vertical map 
is contained in the set of elements invariant under 7 which, in turn, is contained in 
the set of elements of the form 

(a, £70). 

□ 



Proof of Proposition \7A^ As described after its statement, Proposition 17.121 is 
a consequence of Corollary 17. 151 and Lemma [7.161 □ 
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8. Slice Theorem II: the proof 

In the language of £ I5.2.1I the Slice Theorem asserts that MU^ G ^ is an isotropic 
perfect spectrum. That, and a little more is the content of 

Theorem 8.1. The spectra MU^ G ^ , R{m), K G are isotropic, perfect spectra. 

We begin with the even slices. 

Proposition 8.2. The even slices ofMU^\ R(m) and K m and K' m are isotropic 
cellular slices. 

Proof: It was shown in §4.31 and £ 14.41 that the spectra involved admit refinements 
of 7T2fc for every k, and that none of the cells constituting the refinement is G-free. 
The result then follows from Theorem 15. 101 □ 

Proposition 8.3. For all m > 1, the spectrum K' m is perfect and isotropic. 

Proof: We may assume by induction on g that K' m H is perfect for any proper 
subgroup H C G. By Proposition 16.31 i* H K' c is perfect and isotropic. It's now a 
simple matter to check that K' satisfies the conditions of Proposition l5.22l The fact 
that the even slices are induced follows from Remark 14.621 and the contractibility 
of the geometric fixed point spectrum is Lemma 14.531 □ 

Proposition 8.4. If the odd slices of R(m — 1) are contractible in dimensions less 
than d, then the odd slices of K m are contractible in dimensions less than d + gm 
(hence also in dimensions less than d + 2m, since g > 2). 

Proof: Consider the cofibration sequence 

E m ^i?(m - 1) K m -> K' m . 

We know that K' m is perfect by Proposition 18. 31 Since for all N, 

P N {Yr pG R{m - 1)) « Y< mpG P N - m9 {R{m - 1)), 

our assumption implies that the odd slices of Y7 npG R(m — 1) are contractible in 
dimensions less than d + mg. It then follows from Corollary 1 5 . 2 1 1 that the odd slices 
of K m are contractible in dimensions less than d + mg. □ 

Proof of the Theorem \8.1[ We've already shown that the even slices are cellular 
and isotropic, so what remains to prove is that the odd slices are contractible. Let 
Ak stand for the assertion: "for all m > 1, the odd slices of R(m — 1) and K m are 
contractible in dimensions less than 2(m + k)." The proof will be complete if we 
can establish for all k. The maps 

P d R(m - 1) -> P d R(m) -> > P d R(oo) 

are equivalences for d < 2m by Lemma 14.541 The Reduction Theorem therefore 
gives the assertion Aq. Assuming Ak, Proposition 18.41 above gives that the odd 
slices of K m are contractible below dimension 2 (to + fc) + 2to > 2(m + k + 1). 
Applying Corollarv l5.21l to the cofibration 

K m -> R(m - 1) -> R(m) 



so 
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then gives that the odd slices of R(m — 1) are contractible in dimensions less than 
2(m + fc+l). Thus 

A k => A k+1 . 

So we know A k for all k. □ 



9. The Gap Theorem 

The proof of the Gap Theorem was sketched in the introduction, and various 
supporting details were scattered throughout the paper. We collect the story here 
for convenient reference. 

Given the Slice Theorem, the Gap Theorem is a consequence of the following 
simple computation. 

Proposition 9.1. Suppose that G — G2™ is a non-trivial group, and m > 0. Then 
H l G (S mpG ! ;Z (2) ) = for < i < 4. 



Proof: First suppose that G — C% and m = 1 . As described in W2M the complex 
for computing H G (S P2 ; Z, 2 \ ) is 

Z(2) — » Z( 2 ) 

and so in fact Hq(S P2 - 1 Z^) — 0. For G = C^n with rt > 1 the complex starts out 

Z( 2 ) Z( 2 ) -i- Z( 2 ) — ^ Z( 2 ) — s- • • • 

1 2 3 4 

and again the claim holds. For m = 2 and any G, the complex is 

Z(2) — 2(2) — • ■ ■ 

2 3 

while for m = 3 and any G it is 

Z( 2 ) Z( 2 ) — ^ • ■ • 

3 4 

The claim follows. □ 

Lemma 9.2 (The Cell Lemma). Let G — for some n > 0. If S is an isotropic 
slice cell of even dimension, then the groups 7rj?-ffZ( 2 ) A S are zero for —4 < k < 0. 



Proof: Suppose that 



S = G+ A S mpH 

H 



with H <Z G non-trivial. By the Wirthmiiller isomorphism 
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so the assertion is reduced to the case S = S m PG with G non-trivial. If m' > 
then tt^HX^) A S = for k < 0. For the case m' < write z = — k, in = —m' > 0, 
and 

n G HZ {2) AS = W G (S mpG ;Z {2) ). 
The result then follows from Proposition 19. II □ 

Theorem 9.3. If X is perfect and isotropic, then 

TtfX = - 4 < i < 0. 



Proof: Immediate from the slice spectral sequence for X and the Cell Lemma. □ 

Corollary 9.4. // Y can be written as a directed homotopy colimit of isotropic 
perfect spectra, then 



it? X = - 4 < i < 0. 



□ 



Theorem 9.5 (The Gap Theorem). Let G = C 2 " with n > and D 6 Tr lpG MU^ G ^ 
be any class. Then for — 4 < i < 



Proof: The spectrum D 1 MU^ G ^ is the homotopy colimit 

holim£- J tpG MU {{G)) . 

3 

By the Slice Theorem, MU^ G ^ is perfect and isotropic. But then the spectrum 

^-jtpc MU {{G)) 
is also perfect and isotropic, since for any X 

by Corollarv l3.27l The result then follows from Corollarv l9.4l □ 



10. The Periodicity Theorem 

In this section we will describe a general method for producing periodicity results 
for spectra obtained from MU^ G ^ by inverting suitable elements of tt g MU^ G ^ . 
The Periodicity Theorem (Theorem 110. 15|) used in the proof of Theorem 11.11 is a 
special case. The proof relies on a small amount of computation of tt g ' MU^ g ^ . 
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1= (?-!)((*-*) -2m) 



Figure 3. The slice spectral sequence for T? ma MU^ G ^ 

10.1. The i?0(G)-graded slice spectral sequence for MU^ G ^. Let a = oq 
be the real sign representation of G. The key issues surrounding the periodicity 
results reduce to questions about the the i?(9(G)-graded homotopy groups 

7r G +qa MU« G » P ,qez. 

We study these groups using the i?0(G)-graded slice spectral sequence, with the 
conventions described in £ 13-51 

Certain elements play an important role. The classes 

fi G n G M (7« G » 

described in Definition 14.521 are represented at the i? 2 -term of the slice spectral 
sequence by elements we will also call 



fi G E^ g -^ is = Tr G P%MU« G » 




given by 

gi % gipa p l 9MU {{G)) . 

By construction, the classes /» are permanent cycles. 

We also need the the Hurewicz image of the classes a a defined by (|2.37[) 

(10.1) 5° ^ S a -> S a A MU {{G)) . 

We won't distinguish in notation between the classes a a and the composite (|10.1D . 
The class a a is represented in the £?2-term of the slice spectral sequence by 

S" -> S a A P°MU {{G)) = S a A #Z {2) . 

We denote this representing element 

aeE^-° =w G <T P<>MU« G ». 
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Figure 5 . Differentials on u m 

With our conventions it is displayed on the (t — s, s)-plane in position s — l,t — s = 
(see Figure [3j> - 

Finally there is the class 

u = u 2a e E° 2 2rT - 2 = n§_ 2a HZ {2) = 7r 2 G _ 2(T P Mf/« G » 

defined by (|23BJ) . 

Taking products defines a map 

(10.2) Z (2 )[o 1 /i,«]/(2o > 2/ i ) -> ^'*- fe<T . 

s,t,fe>0 

Proposition 10.3. T/ie map (|10.2[) is an isomorphism for 

s>(g-l)((t-s)-k). 

Proof: The proof makes use of Lemmas 110.41 110.51 110. 6[ and 110.71 below. By 
Lemma llO.H the only contributions to the i?2-term in the region s > (g — X)(t—k — s) 
come from the summands ffZ(2) A S mpG occurring in the even slices of MU« G ». 
These are the summands indexed by the monomials in the r,; invariant up to sign 
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under the action of G, or in other words, the ones which refine to monomials in the 
elements Nfi . The result is then straightforward application of Lemmas 110. 5[ 110.61 
and flTTf! □ 

We have used 

Lemma 10.4. Suppose that S is an even dimensional slice cell of dimension d>0. 
Then for k > 0, 

n . f t < - always 

irfS^ A Z (2) A5 = for < %. ~ 
1 - {2) \t<^ + k if S is induced. 

Proof: The first assertion follows from part iii) of Proposition 13. 361 For the sec- 
ond, suppose that S = G+ A S', with S' an even dimensional slice cell of dimension 

d for a proper subgroup H C G. Since H is proper, the restriction of a to H is 
trivial, and so 

?rf S ka A Z (2) A S ra jrf S fc A Z (2) AS'~ 7r t H fe Z (2) A S'. 

Using this, the second assertion then follows from the first, applied to the group 
H. □ 

Lemma 10.5. The map "multiplication by a^ G " (pQ = pq — 1) is an isomorphism 

7rfZ (2) A S ma+k tt g Z (2) A S ma+kpG 
for t < m + k and an epimorphism for t = m + k. 

Proof: This is immediate from the fact that S m(T+kpG is constructed from S ma+k 
by attaching equivariant cells G+ A D p with p > m + k □ 

H 

The next two results are straightforward computations, using the standard equi- 
variant cell decomposition of S dcr , and the technique described in §2.61 

Lemma 10.6. Suppose that I > 0. Then 

TT?(HZ (2) AS 2e °) = 

unless t = 2j, with < j < t. One has 

7r S(^(2) A S2ia ) = Z (2) 

generated by uin a = u 2a , and for < j < £, 

7rg(ifZ (2) AS 2to ) = Z/2 
generated by a 2 , 2 iu% a . □ 
Lemma 10.7. Suppose that I > 0. TTien 

^ t G (ra (2) AS< M+1 » ff ) = 
unless t — 2j with < j < £. In that case 

nC(HZ (2) AS 2e °) = Z/2 
generated by a 2 / -2 -^ 1 ?!^. □ 



M. A. HILL, M. J. HOPKINS, AND D. C. RAVENEL 



Remark 10.8. It follows from Proposition 110.31 that the groups E^ 1 ka are zero for 
s > (g — l)(t — s), and that what lies on the "vanishing line" 

s = (g-l)(t-s) 

is the algebra 

Z (2) [o ) / i ]/(2o ) 2/ i ). 
In Proposition 14.511 it was shown that the kernel of the map 

Z (2) [o crj / i ]/(2o > 2/ f ) -> 7r G Af{/« G » - tt?$ g M!7« g » = Tr.MOfa* 1 ] 

is the ideal (2, /i, fy, f?, . . . ). The only possible non-trivial differentials into the 
vanishing line must therefore land in this ideal. 

Having described the ^-term in the range of interest, we now turn to some 
differentials. The case G — Ci of the following result appears in unpublished work 
of Araki and in Hu-Kriz [16] . 

Theorem 10.9 (Slice Differentials Theorem). In the slice spectral sequence for 
tt^ MU^ G ^ the differentials diU 2 are zero for i < r = 1 + (2 fc — l)g, and 

ryk — 1 r\k 

d r u =a J 2 *-i- 

Proof: The simplest way to check the index r is the correct one for the asserted 
differential is to recall that a has s-filtration 1, and that has s-filtration i(g — 1). 
The differential goes from s-filtration to s-filtration 

2 fc + (2 fc -l)( 3 -l) = (2 fc -l). 9 + l. 

We'll establish the differential by induction on k, and refer the reader to Figure [3] 
Assume the result for k' < k. Then what's left in the range s > (g — l)(t—s—k) after 
the differentials assumed by induction is the sum of two modules over Z( 2 ) [/i]/(2/i). 

One is generated by a 2 and is free over the quotient ring 

Z/2[/i]/(/l,/3,...,/2*-l-l). 

The other is generated by u 2 . Since the differential must take its value in the 
ideal (2, a, f\, fa, . . . ), the next (and only) possible differential on u 2 is the one 
asserted in the theorem. So all we need do is show that the classes u 2> " 1 do not 
survive the spectral sequence. For this it suffices to do so after inverting a. Consider 
the map 

We know the Z-graded homotopy groups of both sides, since they can be identified 
with the homotopy groups of the geometric fixed point spectrum. If u 2 is a 
permanent cycle, then the class a~ 2 u 2 is as well, and represents a class with 
non-zero image in 7r G $ G ifZ ( - 2 j. This contradicts Proposition [T73J □ 

Remark 10.10. After inverting a a , the differentials described in Theorem 110.91 de- 
scribe completely the RO (G)-graded slice spectral sequence. The spectral sequence 
starts from 

Z/2[fi,at\u]. 

The class u 2 hits a unit multiple of /2<=_i, and so the -Eoo-term is 
Z/2[f l ,i^2 k -l}[a ±1 }^M04a ±1 ] 
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which wc know to be the correct answer since 

$G MU {{G)) = MQ _ Thig algo ghows 

that the class u 2 is a permanent cycle modulo (r^-i)- This fact corresponds to 
the main computation in the proof of Theorem 14.551 (which, of course we used in 
the above proof). The logic can be reversed, and in [16j the results are established 
in the reverse order (for the group G = C%). 

Write 

X> k = Nf 2k _ l G^ 2fc _ 1)PG M?7« G », 
and note that with this notation 

t 2 fc -l^ 
h k -l ~ a p °k- 

Corollary 10.11. In the RO{G)- graded slice spectral sequence for D^MUUW, 
the class u 2 is a permanent cycle. 

Proof: Because of the vanishing regions in the slice spectral sequence for 

the differentials described in Theorem 1 1 . 91 are the last possible differentials on the 
u 2 ' , even after inverting Ofc. The result thus follows from Theorem 110.91 if we can 
show that 

2^ + 1 

a /2*+i-i = 

before the E r i-term of the slice spectral sequence, where r' = 1 + (2 fc+1 — l)g. 
Unpacking the notation we find that 

— 2^"r"l ^ — — 2^ — 

J 2 fc + 1 — l* 3 & = Op ffe+iOfc = /2 fc -l a p ffc+1 

and so 

d r u ■ e — a i2 fc + 1 -ij 

where 

r = 1 + (2 fe - l)g < r' 

and 

e = a a p 5 fc+ it> fc ■ 

□ 

10.2. Periodicity theorems. We now turn to our main periodicity theorem. As 
will be apparent to the reader, the technique can be used to get a much more 
general result. We have chosen to focus on a case which contains the result needed 
for the proof of Theorem II. 11 and yet can be stated for general G — Ci^. In order 
to formulate it we need to consider all of the spectra MU^ H ^ for H C G, and we'll 
need to distinguish some of the important elements of the homotopy groups we've 
specified. Let 

be the element defined in tj4.3.2[ 

and let A^ be the element of the i?2-term of the slice spectral sequence for MU« H » 
given by 

Af ="2(2*-W5f) 2 - 
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We'll use (j4~Tj) to map 

n H MU ((H)) _> n H MU {{G))_ 

Finally, in addition to g — \G\ we'll use h = \H\ for H C G. 

Theorem 10.12. Let D E i:f pG MU^ G ^ be any class whose image in 7r IS 
divisible by ®g/h> for all ^ H C G . In the slice spectral sequence 
the element u^p^ is a permanent cycle. 

Proof: For simplicity write 

0~h = o~h 

Ph = Ph 

for the sign and regular representations of a subgroup H. By Corollary 110. Ill for 
each nontrivial subgroup H C G, the class u^J h is a permanent cycle, and therefore 
so is the class u^J^ . Starting with 

2 s/2 2 f/ 2 

U 1rji — U 2p 2 ! 

norm up to O4, multiply by u 2 ^ = (u 2 .^ ) 2 and use Lemma l2.39l to conclude that 

9 s/2 „- 9 s/2 9 g/2 

ui„ Nui„ = 11 „ 

Zp2 <Zp4 

is a permanent cycle. Norming and continuing we find that 



2 s/2 

U 2 PG 



, 2 " 
2p 

is a permanent cycle, as claimed. □ 

Corollary 10.13. In the situation of Theorem \10.12\ the class 
(10.14) (Af) 29/2 =< G 2 (5f) 2 - 23/2 

is a permanent cycle. Any class in tt G g 23/2 -D _1 Af[/(( G )) represented by (|10.14|) 
restricts to a unit in 7r" 

Proof: The fact that (|10.14|) is a permanent cycle is immediate from Theo- 
rem [Tn33 Since the slice tower refines the Postnikov tower, the restriction of an 
element in the i?0(G)-graded group n G D" 1 MU^ G ^ to ^D^MU^ is deter- 
mined entirely by any representative at the i^-term of the slice spectral sequence. 
Since u-i PG restricts to 1, the restriction of any representative of (|10.14[) is equal to 
the restriction of (t>!p) 2 ' 29/2 which is a unit since 73 G divides D. □ 

This gives 

Theorem 10.15. With the notation of Theorem \10.12\ if M is any equivariant 
D^ 1 MU^ G ^ -module, then multiplication by (A G ) 29/ is a weak equivalence 



Y?-^'\lM -» i* M 



and hence an isomorphism 



( \G\2 a/2 . ^ i\jhG _^ G %/rhG 



□ 
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For example, in the case of G = G2 the groups it st (MU^ G ^) hG are periodic with 
period 2*2*2 = 8 and for G = G4 there is a periodicity of 2 * 4 * 2 2 = 32. For 
G = Cs we have a period of 2 * 8 * 2 4 — 256. 

Corollary 10.16 (The Periodicity Theorem). Let G — Cs, and 

D = (N G *J C >) {N G ^) (5f 8 ) G ng pG MU« G ». 
Then multiplication by (A G ) 16 gives an isomorphism 

^{D-HlU^)'^ -> ^ +256 (^- 1 M(7« G »)' lG . 

□ 

11. The Homotopy Fixed Point Theorem 
We study a situation similar to the one in §10. 2\ and fix a class 

D e 7rf pa MU ({G)) 

with the property that for all ^ H C G the restriction of 13 to tt^ MU^ G ^ is 
divisible by 0^ for some k which may depend on H . 

Definition 11.1. A G-spectrum X is cofree if the map 

X -> F{EG+,X) 

is a weak equivalence. 

Remark 11.2. If X is cofree then the map 

-> 7T G F(£G + ,X) = 

is an isomorphism. 

Theorem 11.3 (Homotopy Fixed Point Theorem). If M is a module over D~ l MU^ G ^> 
then M is cofree, and so 

ir G M ir*M hG 

is an isomorphism. 

Corollary 11.4. In the situation of Corollary \10.16\ the map "multiplication by 
A G " gives an isomorphism 

n G (D-HlU« G ») -> nf +25e (D~H4U^). 

Proof: In the diagram 

■k g {D- 1 MU« g ») n G +2 ^{D-HlU^) 

ir*(D~ 1 MU« G ») hG 7r G +256 ( J D- 1 ML/« G »)' lG 

the vertical maps are isomorphism by Theorem 111.31 and the bottom horizontal 
map is an isomorphism by Corollary 1 10. 161 □ 

The proof of Theorem 111.31 involves studying the geometric fixed point spectra by 
the subgroups of G. We remind the reader of the comments made in Remarks l2.30[ 
that we use <f> H X in favor of the more correct <& H i* H X, and that for any group G, 
a map X — > Y induces a weak equivalence EC2 Al ^ EC2 A Y if and only if it 
induces a weak equivalence $> G X — > <I> G Y". 
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Lemma 11.5. For every subgroup H C G, the geometric fixed point spectrum 

<P H D^ 1 MU i{G)) 

is contractible. 
Proof: The class 

is zero by Proposition 14.511 and hence so is & H D since D is divisible by 5^. The 
claim follows. □ 

Proposition 11.6. For any module M over Z? _1 Af J7^ G ^ the spectrum EG A M 
is contractible. 

Proof: Since EG AM is a module over EG A D- l MU^ it suffices to show 
that EG A D^MU^ ^ is contractible. We'll prove by induction on H C G that 
i* H EG A D^ 1 MU" G » is contractible. The statement is trivial when H is the trivial 
group, since i^EG is contractible. Smashing i* H EG f\D~ x MU^ G ^ with the isotropy 
separation sequence for H reduces the induction step to the assertion that 

$ H EG A D' 1 ME/ ((G)) 

is contractible. Using the fact that <& H EG « 5° one finds 

$ H EG A D- 1 MU {(G)) = <$> H EG A <f> H D- 1 MU i{G)) 
= § H D- X MU^\ 

which is contractible by Lemma 1 11. 51 □ 

Proof of Theorem Ml.Sfc Since EG is non-equivariantly contractible, the map 
IqM — > iyF(EG + , M) is a weak equivalence. It follows that G + A M — > G+ A 
F(EG + ,M) is a weak equivalence and hence so is EG+ AM -> EG + AF(EG+, M), 
since -EG is built from free G-cells. Smashing M — > F(EG+, M) with the cofibra- 
tion sequence 

EG -> 5° -> EG 

gives the diagram 

£G+ A M > M EG A M 



EG+ A F(EG+,M) > F(EG+,M) ^ EG A F{EG+,M). 



The left column is an equivalence as we've just noted. The spectra on the right are 
equivariantly contractible, by Proposition 1 1 1 . 6l It follows that the middle arrow is 
an equi valence. □ 
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12. The Detection Theorem 

12.1. Oj in the Adams- Novikov spectral sequence. Browder's theorem says 
that 8j is detected in the classical Adams spectral sequence by 

h) e Ext^ 2J+1 (Z/2,Z/2). 

This element is known to be the only one in its bidegree. 

It is more convenient for us to work with the Adams-Novikov spectral sequence, 
which maps to the Adams spectral sequence. It has a family of elements in filtration 
2, namely 

p ifj e Ext 2 M 6 ^ f[/) (MU*,MU*) 

for certain values of of i and j. When j = 1, it is customary to omit it from the 
notation. The definition of these elements can be found in [27, Chapter 5]. 
Here are the first few of these in the relevant bidegrees. 

bidegree of 8 2 : P2/2 

bidegree of 63 : /3 4 / 4 and 

bidegree of #4 : /3 8 / 8 and /3 6 / 2 

bidegree of 65 : /3 16 /i 6 , /3 12 / 4 and f3 n 

and so on. In the bidegree of 9j, only 02i-i / 2 j-i has a nontrivial image (namely ft/ 2 ) 
in the Adams spectral sequence. There is an additional element in this bidegree, 
namely ata-n-i- According to [SJJ Corollary 5.4.5], [SU], a basis for 

V^mu7mu( mu *> mu *) 

for j > is given by 

(12.1) {aia 23 _!} U {A.y iJk)/i y-i-» : < k < j/2} , 

where c(j, k) = 2 J_1_2 ' £ (l + 2 2fe+1 )/3. For j = 1, the second set is empty. For j > 1, 
aia 23 _i supports a nontrivial for j > 1. None of these elements is divisible by 
2. The element [3 c ^j^y2i- 1 - 2k is represented by the chromatic fraction 



no correction terms are needed. 

We need to show that any element mapping to ft 2 in the classical Adams spec- 
tral sequence has nontrivial image the Adams-Novikov spectral sequence for M — 
(D" 1 M?7 ((c ' 8)) )' lC ' 8 , the spectrum in the Periodicity Theorem (Corollary [T0TT6)l . 

Theorem 12.2 (The Detection Theorem). Let 

^ eExt w!(w) (MU*,MU*) 

be any element whose image in Ext^ (Z/2.Z/2) is ft 2 with j > 6. (Here A de- 
notes the mod 2 Steenrod algebra.) Then the image of x in 
is nonzero. 

We will prove this by showing the same is true after we map the latter to a 
simpler object involving another algebraic tool, the theory of formal A-modules, 
where A is the ring of integers in a suitable field. 
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12.2. Formal A-modules. Recall the a formal group law over a ring R is a power 
series 

F(x,y) = x + y 



i,j>0 



with certain properties. 

For positive integers m one has power series [m](x) € -R[[x]] defined recursively 
by [l](x) = a; and 

[m](x) =F(x, [m- l](x)). 

These satisfy 

[m + n](x) = F([m](x), [n](x)) and [m]([n](x)) = [mn]{x). 

With these properties we can define [to](x) uniquely for all integers to, and we get 
a homomorphism r from Z to End{F), the endomorphism ring of F. 

If the ground ring R is an algebra over the p-local integers Z( p ) or the p-adic 
integers Z p , then we can make sense of [to](x) for m in Z( p ) or Z p . 

Now suppose R is an algebra over a larger ring A, such as the ring of integers in 
a number field or a finite extension of the p-adic numbers. We say that the formal 
group law F is a formal A-module if the homomorphism r extends to A in such a 
way that 

[a](x) = ax mod (a; 2 ) for a € A. 

The theory of formal ^-modules is well developed. Lubin-Tate [20] used them 
to do local class field theory, and a good reference for the theory is Hazewinkel's 
book [H Chapter 21]. 

The example of interest to us is A = ^[Cs], where Cs is a primitive 8th root of 
unity. The maximal ideal of A is generated by ix = Cs — lj an d 71-4 is a un it multiple 
of 2. There is a formal A-module F over i?„ = A[w ] (with |io| = 2) satisfying 

log F (F(x, y)) = log F (x) + log F (y) 



where 
(12.3) 

12.3. tt*MLT( 4 ) and i?» 
Recall that 



logi 



E- 



5f 



N$r 



What does all this have to do with our spectrum fi = D^MU^l 



h-H _ H 
1 e ^(2 



-l)Pfr- 



for ft = \H\ 



and 



N 



MU {{Cs)) . 



We saw earlier that inverting a product of this sort is needed to get the Periodicity 
Theorem, but we did not explain the choice of subscripts of I). They are the smallest 
ones that satisfy the second part of the following. 
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Lemma 12.4. The classifying homomorphism A : n*MU — ► R* for F factors 
through tt^MU^ in such a way that 

(i) the homomorphism A^ 4 -* : tt*MU^ — » i?* is equivariant, where C$ acts on 
tt*MU^ as before, it acts trivially on A and ^yw = Csw for a generator 7 
ofC 8 . 

(ii) The element i^D £ 7V*MU^ that we invert to get i^tl goes to a unit in R*. 
We will prove this later. 

12.4. The proof of the Detection Theorem. It follows from Lemma Tl2. 41 that 
we have a map 

H*(C fi ;ir,(%D)- 1 MUW) -» H*(C 8 ;R*). 

The source here is the £?2-term of the homotopy fixed point spectral sequence for M, 
and the target is easy to calculate. We will use it to prove the Detection Theorem 
above by showing that the image of x in H 2 23 (C$; R*) is nonzero. 
We will calculate with BP-theory. Recall that 

BP*(BP) = BP*[ti,t 2 ,...] where \t n \ = 2(2™ - 1). 

We will abbreviate Ext^ gp (BP*, BP*) by Ext M . 

The Hopf algebroid associated with H*(C%; R*) has the form (R*, R*(C%)), where 
R*(C%) denotes the ring of P*-valued functions on C%. Its left unit sends R* to the 
set of constant functions, and the right unit is determined by the group action on 
R* via the formula 

f]R,{ r )(,l) = l( r ) f° r r £ R* and 7 S Cg. 

This map is A- linear and Cs has a generator 7 for which rjn(w) (j k ) — Cs w - 
The coproduct 

A : R*(C$) — » R*(Cs) <&r, R*(C s ) 
sends a function / to the function A(/) on two variables defined by 

A (/)(7i,72) = /(7i72)- 

There is a map to this Hopf algebroid from BP*(BP) in which t n maps to an 
i?*-valued function on Cs (regarded as the group of 8th roots of unity) determined 

by 

[C](z) = X>(C)(C*) 2< 

i>0 

for each root (, where to is the constant function with value 1. (For an analogous 
description of the t< as functions on the full Morava stabilizer group, see the last 
two paragraphs of the proof of [37J Theorem 6.2.3].) Taking the log of each side we 
get 

n>0 i,j>0 

0<i<n 
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For n — this gives to(() — 1 as expected. For n = 1 we get 

±- = C 2 Ui(C) + - 

10(1-0 



(12.5) 



*i(C) 



e i?* 



This a unit when £ is a primitive eighth root of unity. 
Lemma 12.6. Let 

1 

2 



3-1 



E 

0<i<2J 



e Ext 



2,2 J 



As image in H ' (Cs; -R*) is nontrivial for j > 2. 

This element is known to be cohomologous to /3 2 j-i /23-1 and to have order 2; 
see [371 Theorem 5.4.6(a)]. 

Proof. Let 7 G Cs be the generator with 7(10) = Csw. Then H*(Cs',R*) is the 
cohomology of the cochain complex of i?» [C8]-modules 



7-1 



D Trace D 
it* >■ it* 



7-1 



(12.7) 

where Trace is multiplication by 1 + 7 + • ■ ■ + j 7 . 

The cohomology groups H s (Cs', R*) for s > are periodic in s with period 2. 
We have 

H°(C s ;R 2 m) = ker(C 8 r ' 



1) 



A for to = mod 8 
otherwise 

//'if- /?,,„) = ker(l + <X + -" + C 8 7m )/im(C-l) 
w m A/{-K) for m odd 
w m A/(7r 2 ) for to = 2 mod 4 
w m A/(2) for to = 4 mod 8 
for to = mod 8 

//-ir,: /?,,„) = ker(Cr-l)/im(l + Cr + "- + C8 m ) 
w m A/(8) for to = mod 8 
otherwise 
Note that the A-modules occurring above are 

A/(ir) = Z/2 
A/(n 2 ) = Z/2M/(tt 2 ) 
A/(2) = Z/2M/(tt 4 ) 
A/(8) = Z/8M/(tt 4 -2) 

We also have a map 

Ext^ MC/ (Ml^,M[/,/2) - H*>*(C s ;R*/(2)) 
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Reducing the complex of (|12.7|) modulo (2) makes the trace map trivial, so for t > 
we have 



7r 3 A/(2) for m odd 
H 2t (Cs;R 2m /2) = { n 2 A/(2) for m = 2 mod 4 

A/(2) for m = mod 4 

A/ (it) for m odd 
H' zt+L {C 8 ;R 2m /2) = <( A/(tt 2 ) for m = 2 mod 4 

A/(2) for m = mod 4 



For j > 0, the image of the class [tf] G Ext^ M(7 (M[/*, Mf/,/2) in if^Cg; R 2 i+t/(2)) 
is a unit in A/ (2) = Z/2[7r]/(7r 4 ) since the function ii is not divisible by tt by (| 1 2 . 5[) . 
For j > 2, consider the following diagram in which we abbreviate Ext^-y MU (MU*, M) 
by ff 8 '*(M). 



H x > 2i+ \MU*) -^H 1 - 23+1 (MU,/(2)) H 2 - 23+1 (MU*) 



77 1 (C 8 ; i? 23 ) ff 1 (C 8 ; i? 2J / (2) ) — H 2 (C 8 ; A 



2J , 



A/(2) *A/(8) 



Here 5 and are the evident connecting homomorphisms, A : M U* — * i?» is the 
classifying map for our formal A-module and the rows are exact. <5([ii']) = bij—i, 
and A([i^]) is a unit, so A(&ij_i) has the desired property. □ 



To finish the proof of the Detection Theorem we need to show that the other /3s 
in the same bidegree map to zero. We will do this for j > 6. The appropriate Ext 
group was described in (|12.1[) . Note that /3 c (j i o)/2J- 1 = fe- 1 /2 i - 1 i so we need to 
show that the elements with k > map to zero. 

We will see in the proof of Lemma 112.41 below that v\ and v 2 map to unit 
multiples (with the units in A) of ir 3 w and w 2 w 3 respectively. This means we can 
define a valuation || • || on BP* compatible with the one on A in which ||2|| = 1, 
|7r|| = 1/4, \\v\\\ = 3/4 and ||u 2 || = 1/2. We extend the valuation on A to i?» 
by setting \\w\\ = 0. We will show that the valuation of the relevant chromatic 
fractions is > 3. This valuation is a lower bound on the one in H*(C$, where 
every group has exponent at most 8. Hence a valuation > 3 means the /3-element 
has trivial image. 
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Hence for k > 1 and j > 6 we have 

\\Pc(j,k)/2i- 1 - 2k 



> 



2v 



3(7, fe) 3-2i 



-l-2fc 



- 1 



2 4 



= (2 J 
5. 



6 4 

-1 _ 7 . 2 J'-3-2fc 



)/3-l 



This means P c {j,k)/2i- 1 - 2k maps to an element that is divisible by 8 and therefore 
zero. 

We have to make a similar computation with the element a.\a.2j-\- We have 



Mai-ill > 



,.2 J -1 



2 

3(2^ - 1 



21 

> 1 > 4 for j > 3. 

- 4 



This completes the proof of the Detection Theorem modulo Lemma 112.41 



12.5. The proof of Lemma 112.41 To prove the first part, consider the following 
diagram for an arbitrary ring K. 



MU*(MU) 




The maps Ai and A2 classify two formal group laws F\ and F2 over K. The Hopf 
algebroid MU*(MU) represents strict isomorphisms between formal group laws. 
Hence the existence of A^ 2 ^ is equivalent to that of a strict isomorphism between 
F\ and F2 compatible with the maps Ai and A2. 
Similarly consider the diagram 



TT*MU 7T*MU 




n*MU w*MU 
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where the homomorphisms ijj are unit maps corresponding to the four smash prod- 
uct factors of MU^ 4 \ The existence of A*- 4 - 1 is equivalent to that of compatible strict 
isomorphisms between the formal group laws Fj classified by the Xj . 

Now suppose that K has a Cs-action and that A*- 4 ) is equivariant with respect 
to the previously defined Cs-action on MU^ . Then the isomorphism induced by 
the fourth power of a generator 7 £ Cs is the isomorphism sending x to its formal 
inverse on each of the Fj . 

This means that the existence of an equivariant A' 4 ' is equivalent to that of a 
formal Z[£g]-module structure on each of the Fj, and compatible strict isomorphisms 
between them. This proves the first part of the Lemma. 

For the second part of Lemma 112. 4i recall that 



The norm sends products to products, and N(x) is a product of conjugates of x 
under the action of Cs ■ Hence its image in i?„ is a unit multiple of that of a power 
of x, so it suffices to show that each of the three elements r^ 2 , r^ 4 and rf 8 maps 
to a unit in R*. 

The generators rf are defined by (|4.48p , which we rewrite as 



x + ^2 m i xi+1 = ( x +X/ 

i>0 V fc>0 



lH{m 2 k_ 1 )x 1 \a\x + y^rfx 



i>0 



where jh = 7 8 ^ denotes a generator of H C G and 7 is a generator of Cs. Note 
here that the m, are independent of the choice of subgroup H. For our purposes 
we can replace this by the corresponding equation in underlying homotopy, namely 



i>0 \ fc>0 / V i>0 / 



Applying the homomorphism A' 4 ) : n^MU^ — > i?*, we get 




E A(4) (-fK +1 



i>0 
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Solving for A< 4 > (r£_i) 



for various H and k, we find that 



A< 4 )(rf 2 ) = 



(-7T 3 - 47T 2 - 6TT - 4) W = 7T 3 

(-4tt 3 - 5tt 2 + 14tt + 26) w 3 = 
(-61827T 3 - 21426tt 2 - 22171tt 



unit • w 



n 2 ■ unit • w 3 



1052) w 7 



tt ■ unit • w 7 



AW(rg) = 



(306347134tt 3 - 3700320563tt 2 



-151587664697T- 16204677587) w 



15 



unit • w 



15 




(— 7T — 2) w = 7T ■ unit • w 



(8tt 3 + 26tt 2 + 25tt - l) w 3 = unit • w 3 



w, 



where each unit is in A. Hence the images under A^ 4 ^ of rf 2 , r% 2 , r^' 2 , and rf 4 are 
not units. For this reason, smaller subscripts of in the definition of D would not 
work. On the other hand, the images of r^ 2 , r^ 4 , and rf s are units as required. 
Thus we have shown that each factor of i^D and hence i$D itself maps to a unit 
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